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the sign designating chirality. The net total topological
charge of a magnetic strip is a conserved quantity. The
continuity equation (1) also reveals the dynamical aspects
of the winding texture. The motion of a domain wall
through a spatial point x0 necessarily involves a π winding
of ϕðx0; tÞ in time, and vice versa. There thus exists a
natural spatiotemporal interconversion of topological
winding.
In our proposal, hydrodynamics of topological charges

governs the information transmission and processing in the
entire network. As shown in Fig. 1(a), all elements, excepts
for a few links, are made of antiferromagnetic materials.
Axons and dendrites are channels for ballistic propagation
of topological charges. The neuronal behavior is realized
by a single-domain magnet with leaky (damped) dynamics.
Its internal state, described by the uniform order parameter
φðtÞ, is analog, while its output is digital: A domain wall is
created and propagates into the axon, if φ winds by π, or
not, if φ relaxes to its initial ground state. A synapse
contains a magnetic nanostrip holding a winding texture.
The net density of topological charges serves as a non-
volatile analog memory of the synaptic weight w, which
can be adjusted according to the relative arrival time Δt of
the domain walls fired by the pre- and postsynaptic
neurons. In this way, neurons and synapses can be naturally
integrated into a compatible network, driven solely by the
continuous flow of topological charges.
Hydrodynamics of topological charges.—We now study

the dynamics governed by the Hamiltonian (2) together

with the Rayleigh dissipation function density R ¼
ðαJ =2Þð∂tϕÞ2, where α is the dimensionless Gilbert
damping [41] and J is the saturated spin density. The in-
plane angle ϕ and the transverse spin (angular momentum)
density m are conjugate variables, satisfying the Poisson
bracket fϕðxÞ; mðx0Þg ¼ δðx − x0Þ. Equations of motion
are thus given by the generalized Hamilton equations
∂tϕ ¼ ∂H=∂m, and ∂tm ¼ −∂H=∂ϕ − ∂R=∂ð∂tϕÞ.
Eliminating m yields the damped sine-Gordon equation
[42,43] ð1=u2Þ∂2

tϕ − ∂2
xϕþ ð1=2λ2Þ sin 2ϕþ β∂tϕ ¼ 0,

where the spin-wave speed u ¼
ffiffiffiffiffiffiffiffiffi
A=χ

p
, the domain-wall

width λ ¼
ffiffiffiffiffiffiffiffiffiffi
A=K

p
and the damping factor β ¼ αJ =A. We

consider its solution in the low-damping limit β → 0 (to
recover Lorentz invariance) [44,45],

ϕ0ðx; tÞ ¼ 2 arctan
"
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#
−ζ
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2=u2

p
$%

; ð3Þ

which is often referred to as a soliton. It describes a domain
wall with topological charge ζ ¼ %1 moving with speed v.
When topological charges are far apart, their interaction is
exponentially weak and they behave like free particles. A
small damping can be accounted for by a weak frictional
force [46], resulting the energy dissipation dH=dt ¼ −2R,
which translates into dv=dt ¼ −βvðu2 − v2Þ. By tuning the
size of the in-plane anisotropyK, domain walls can be sharp,
just like spikes in biological nerves. The solitonic motion of
topological charges in our proposal bears resemblance to the

FIG. 1. Schematics of neurons and a synapse in an SNN based on dynamics of topological charges in biaxial antiferromagnets. (a) A
neuron is a single-domain magnet with angular order parameter φ. The neuron fires when φ rotates (counterclockwise) by π, creating a
topological charge with ζ ¼ þ1. An axon branches out into a feedback arm and a forward one, each further fans out into several
telodendrons. Arrows indicate directions of signal flow. A synapse is a nanostrip holding a winding texture, a thermodynamic system
(with temperature T and chemical potential μ) of interacting topological charges, their net density w as the synaptic weight. An external
source of winding with constant chemical potential μ0 is used to increase the synaptic weight w upon causal firings. Sketches of cosϕðxÞ
inside the synapse and the external source indicate the low and high density of topological charges. The order parameters ϕ1 and ϕ2 at
the two ends of the synapse experience tilted washboard potentials. (b) Aweak coupling between the neuron and the dendrite mediated
by a metal spacer. A topological charge arrives from the dendrite and pumps a spin current Is into the normal metal, exerting torques of
opposite signs on the two interfaces. (c) The learning function (the change in the synaptic weight Δw versus the relative arrival time
Δt ¼ tpost − tpre of the post- and presynaptic signals) of a possible scheme of STDP of the synapse. Causal firings strengthen the
synaptic connection.
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(Proof-of-principle) applications validate the concepts

• Nonchemical energy storage
- Magnetism can provide both (meta)stability and sizable free energy, per atomic bond 

• Sensing
- Motivated by SQUID, we propose a dual spin-superfluid QUID for electric-field sensing 

• AI hardware 
- Topological degrees of freedom naturally provide nonlinearities, transport/

communication, information storage/learning, and interface with standard electronics



• Topological conservation laws in magnetic media and the associated bulk-boundary 
correspondence engender energy-storage functionality 

• We exploit thermoelectricity as a blueprint for understanding (universal) 
thermodynamic efficiency of the devices based on transport of conserved quantities, 
such as magnetic vorticity
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We formulate an energy-storage concept based on the free energy associated with metastable magnetic
configurations. Despite the active magnetic region of the battery being electrically insulating, it can sustain
effective hydrodynamics of spin textures, whose conservation law is governed by topology. To illustrate the
key physics and potential functionality, we focus here on the simplest quasi-one-dimensional case of planar
winding of the magnetic order parameter. The energy is stored in the metastable winding number, which
can be injected electrically by an appropriately tailored spin torque. Because of the nonvolatility and the
endurance of magnetic systems, the injected energy can be stored essentially indefinitely, with the
topological charge cycles that do not degrade over time.
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Introduction.—The field of spintronics has undergone
much progress over recent years, particularly in regard to
memory, logic, and efficient signal propagation [1].
Especially intriguing are the magnetic systems based on
electrical insulators [2]. Their order-parameter configu-
rations may not only naturally possess metastability and
thus memory capabilities (as in the domain-wall [3] and
Skyrmion [4] racetracks), but can also transmit informa-
tion via their collective dynamics [5,6]. A particularly
robust mode of such transport utilizes topological mag-
netic textures, such as winding in a quasi-one-dimensional
easy-plane (ferro- or antiferro-)magnet [7], Skyrmion
textures in quasi-two-dimensional magnets [8], or the
winding of three-dimensional spin-glass textures [9]. The
associated topological “charge,” such as the winding angle
or the Skyrmion number, is a conserved quantity, whose
density obeys a continuity equation and can thus exhibit
hydrodynamic behavior. In the easy-plane example, in
particular, this hydrodynamics maps onto the problem of a
neutral superfluid [2,5,10–12]. Importantly, the under-
lying conservation law is rooted in topology of the order-
parameter configuration rather than a symmetry of the
associated Lagrangian. Contrary to the more traditional
conservation laws, we rely here on the structure of the
order-parameter configurations rather than the detailed
dynamics. A sizable energy barrier is in practice needed,
however, to protect against dissipative processes that
can relax the order-parameter texture towards the trivial
ground state [7,8,13].
In this Letter, we show how these dynamic topological

spin textures can be exploited for energy storage. A key
study case will be provided by metastable spin helices
in easy-plane electrically insulating magnetic materials.

While it has been long known that such textures can
store free energy over long times [2,14], no efficient
means for its loading and extraction have been suggested.
We propose, to this end, to utilize boundary spin torques
produced by adjacent metallic wires [5]. The injected
magnetic energy can persist over a long time, in the
absence of a load, and can eventually be released to
produce useful work in a spintronic circuit by spin-motive
forces reciprocal to the spin torque [15–17]. We address
several specific realizations of this idea, based on the
winding textures in easy-plane materials, Skyrmionic
magnetic configurations, or spin glasses. We discuss
the energy conversion and losses during the battery
charging and discharging, stability of the (metastable)
storage, and the ultimate upper bound for the achievable
energy density in magnetic systems. While, at present, it
appears challenging to compete with the traditional
lithium-ion technology in terms of the energy density,
our proposal already has a clear advantage specifically
for spintronic circuits, where the topological spin-texture
energy storage can be naturally integrated with the
nonvolatile logic and memory functionalities [6,18].
Prototypical example.—Figure 1 shows a simplified

geometry, which (while not necessarily optimized for a
useful device) can be implemented based on existing
heterostructures exhibiting spin superfluidity [19]. The
active spin region forms a loop of length L, with the
directional order parameter (either of magnetic or Néel
type, for example) constrained to precess within the easy
(yz) plane. The spins are injected and ejected at the ends of
the magnetic wire (i.e., x ¼ 0, L), where metallic wires
can sustain a steady spin torque τ on the order parameter
due to the spin Hall effect [20]. The geometry is such that
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An experimentally feasible energy-storage concept is formulated based on vorticity (hydro)dynamics within
an easy-plane insulating magnet. The free energy associated with the magnetic winding texture is built up
in a circular easy-plane magnetic structure by injecting a vorticity flow in the radial direction. The latter is
accomplished by electrically induced spin-transfer torque, which pumps energy into the magnetic system in
proportion to the vortex flux. The resultant magnetic metastable state with a finite winding number can be
maintained indefinitely because the process of its relaxation via phase slips is exponentially suppressed when
the temperature is brought well below the Curie temperature. We characterize the vorticity-current interaction
underlying the energy-loading mechanism through its contribution to the effective electric inductance in the
rf response. Our proposal may open an avenue for naturally powering spintronic circuits and nontraditional
magnet-based neuromorphic networks.
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Introduction. The centerpiece of the global energy chal-
lenge today is a viable method for energy storage, whose key
is to convert captured energy into forms that are convenient
or economic for long-term storage. Commonly used forms
of energy storage are based on chemical energy (lithium-ion
batteries), gravitational energy (hydroelectric dam), thermal
energy (molten salt), etc. Recent progress in the field of
spintronics enables us to manipulate magnetic textures in nu-
merous ways [1–3], which inspires the possibility of storing
energy in the exchange energy associated with topological
magnetic textures [4].

Here we propose a feasible scheme for energy storage
in the topological magnetic winding texture of a magnetic
insulator. The physical mechanism for charging or discharging
is through the control of radial vorticity flows in a Corbino
geometry. A “phase slip” in a spin superfluid [5] is known
to reduce the phase winding of a one-dimensional system
with XY order by 2π by sending a vortex across it. Vice
versa, driving a vortex flow in the opposite direction will
naturally build up the winding number and hence the magnetic
exchange energy. Different from Ref. [4], where a locally
induced spin Hall torque is used to produce spin winding of a
one-dimensional magnetic loop, the present proposal is based
on a quasi-two-dimensional annulus, where a spin-transfer
torque is applied over the entire area of the magnetic film, in
order to inject an isotropic radial vortex current. This vortic-
ity flow is accomplished at elevated temperatures, where the
magnetic system may be disordered with no XY order present,
even locally. The topological protection of the induced wind-
ing is recovered when, after texturing the magnet by the vortex
flow, we cool the system in order to prevent any parasitic
phase slips.

Although our structure is limited in terms of energy density
compared with the prevalent lithium-ion battery technology,
our approach does have a few advantages. First, magnetic

systems are highly nonvolatile and endurable. Magnetic tex-
tures protected by nontrivial topological numbers, such as
domain walls, vortices, and skyrmions, have already been
employed in memory and logic devices [6–9]. Energy can
be stored over an extremely long timescale, with essentially
no degradation in charging and discharging cycles. Second,
magnetic batteries can be naturally incorporated into spin-
tronic circuits [6,10–12], neuromorphic platforms [13–17],
and quantum-information processing tasks based on insulat-
ing magnets [18–20], rendering coherent and low-dissipation
operations based purely on spin dynamics. Third, common
magnetic materials are environmentally friendly, and the de-
velopment of magnetic batteries is another possible avenue
leading to the goal of clean energy.

Central concept. To illustrate our concept, we consider the
annulus structure depicted in Fig. 1. A thin-film easy-plane
magnetic insulator is placed on top of a metal contact. The
magnetic insulator can be ferro- or antiferromagnetic, with
a vectorial order parameter n(r, t ) which fluctuates in both
direction and magnitude. The in-plane texture is described by
the spin-space azimuthal angle ϕ(l, t ), where l is the polar
position. The metal annulus has a uniform magnetic order
M = M ẑ.

We define the vorticity 3-current in (2 + 1) dimensions
within the thin-film magnetic insulator as

J µ = ϵµνρ ẑ · (∂νn × ∂ρn)/2π , (1)

which is carried by the magnetic texture [21]. Here ϵµνρ is
the Levi-Civita symbol (with the Einstein summation implied
over the Greek indices µ = 0, 1, 2 ↔ t, x, y). The current
obeys a topological conservation law, ∂µJ µ = 0. The total
vortex number in the bulk ',

N =
∫

'

dxdy J 0 = 1
2π

∫

∂'

dl⃗ n2
∥ ∇⃗ϕ, (2)
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Topological transport of vorticity on curved magnetic membranes
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In this work, we study the transport of vorticity on curved dynamical two-dimensional magnetic membranes.
We find that topological transport can be controlled by geometrically reducing symmetries, enabling processes
absent from flat magnetic systems. To this end, the vorticity 3-current is constructed, which obeys a continuity
equation immune to local disturbances of the magnetic texture and spatiotemporal fluctuations of the membrane.
We show how electric current can manipulate vortex transport in geometrically nontrivial magnetic systems.
As an illustrative example, we propose a minimal setup that realizes an experimentally feasible energy storage
device and discuss its thermodynamic efficiency in terms of a vortexoelectric counterpart of the thermoelectric
figure of merit ZT .
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Introduction. Much progress has been made both theo-
retically and experimentally in understanding, engineering,
and driving topological magnetic textures [1–12]. This has
resulted in numerous proposals that exploit spin texture topol-
ogy for technological applications, such as domain wall and
skyrmion racetracks [13–17], energy storage [18–20], long-
range signal transport [21–29], and quantum information
processing [30–32]. The utility of these spin structures is
rooted in the metastability of topological excitations and the
variety of ways to manipulate them [4,11,33–35]. To foster
the development of these technologies, it is crucial to inno-
vate avenues to drive topological textures. Motivated by the
interplay between geometry and topology [36–38], we seek
a way to geometrically control topological transport. Previ-
ous works have investigated geometrical effects in curved
low-dimensional magnetic systems, primarily focusing on
energetic stabilization of topological spin textures [39–44].
These developments are spurred by advancements in fabrica-
tion and imaging techniques for complex magnetic structures
[43,45–47].

In this Letter, we study the transport of vorticity on
curved magnetic membranes. To this end, we demonstrate that
magnetic textures on curved membranes exhibit topological
hydrodynamics, a transport theory for vortices [48]. This is
governed by a robust continuity equation rooted in the homo-
topic properties of the magnetic order parameter space, rather
than any structural symmetries. In contrast to previous studies
focused on vortex transport in flat magnetic films [20–22,49],
this work leverages the geometry of curved magnetic films to
reduce symmetries, thereby enabling processes that are other-
wise ruled out on symmetry grounds. Notably, the chirality
of the system plays a key role in allowing electric current
to energetically bias vorticity injection on the membrane. A
potential functionality of this physics is then illustrated by an
experimentally feasible energy storage concept. Inspired by
thermoelectricity, we derive the dimensionless vortexoelectric
figure of merit Zv as the counterpart to the thermoelectric

figure of merit ZT and discuss the thermodynamic efficiency
of the battery via this quantity.

Topological continuity equation. The magnetic membrane
is a two-dimensional orientable manifold M, parametrized by
coordinates ξ 1 and ξ 2, with boundary ∂M. M is embedded in
the Euclidean space R3 from which it inherits the metric gi j .
At every point (ξ 1, ξ 2) on M and for any time t , we identify a
unit normal vector n(t, ξ 1, ξ 2) and define unit vectors span-
ning the local tangent plane, e1(t, ξ 1, ξ 2) and e2(t, ξ 1, ξ 2).
The orthonormal triad {e1, e2, n} is the local frame. M may
smoothly change over time, as long as its topology remains
unchanged, i.e., M is not cut. Figure 1 depicts the simplest
case in which M is homeomorphic to a closed disk.

The U(1) gauge freedom in specifying the local frame,
corresponding to simultaneous rotations of e1 and e2 about
n, translates into the gauge potential [50–52]

Aµ = e1 · ∂µe2, (1)

FIG. 1. Depiction of manifold M. The winding of the magne-
tization m (blue arrows) on the contour C (red line) determines the
vortex charge enclosed by C. The local tangent planes Tp and Tp′

are shown for points p and p′, along with the local frame {e1, e2, n}.
The leftmost tangent planes depict the gauge potential Aℓ at point
p′, which captures changes of e1 and e2 along ξℓ. The inset shows
vorticity flux J being pumped transverse to a metallic wire (purple
curve) carrying electric current density j.

2469-9950/2025/111(10)/L100401(7) L100401-1 ©2025 American Physical Society

the injected spin current supplied by the left metallic wire
(at x ¼ 0) is polarized along the x axis in spin space.
The applied spin current at x ¼ L, on the other hand, is
polarized in the opposite direction.
In the circuit sketched in Fig. 1, a spin-current flow is,

therefore, mediated by the insulating magnetic wire
between two metal contacts deposited on top at the two
ends. A key requirement is to be able to interrupt this
spin current, on demand, in the short region under the top
electrostatic gate. This can be achieved by appropriately
gating it by the voltage Vg, which controls magnetic
properties of the magnetic section underneath. When the
electric current I is applied to the device (say, during the
battery-loading stage), the gate voltage Vg needs to be set to
the value that suppresses the local spin current underneath
(e.g., by reducing the easy-plane anisotropy that is needed
to maintain the spin superflow, as discussed below). This
can be accomplished according to the effect of the voltage-
controlled magnetic anisotropy [21]. When the device is off
(in the energy-storage mode), the uniform magnetic proper-
ties are restored along the loop, closing a persistent spin
superflow, which can then maintain a metastable spin-
carrying state over a long time. The battery releases the
stored free energy by exerting a spin-motive force on an
external circuit [17], which is reciprocal to the spin torque
that was used to load the battery. For this, we again need to
disrupt the persistent superflow by the gate Vg.
Alternatively to the electrostatic gating, local magnetic

properties can be controlled by elastic strain [22] or by
applying a heat flux to the blue region, which can allow one
to tune magnetic properties across the magnetic phase
transition. The superflow at x ¼ 0−, Lþ would certainly be

quenched, e.g., on the disordered, paramagnetic side of the
transition. The variety of the available means to control
local magnetic properties makes for versatile battery
designs, which may even be integrated or directly endowed
with a logic functionality.
Model.—Assuming rotational symmetry of the magnetic

system around the x axis (in spin space), the x projection of
the (nonequilibrium) spin density ρsðx; tÞ obeys the con-
tinuity equation [23]

∂tρs þ ∂xIs ¼ −ρs=τα: ð1Þ

Expressing the collective spin current [24],

Is ¼ −A∂xφ; ð2Þ

in terms of the magnetic orientation φ within the easy plane
(see Fig. 1) is reminiscent of the mass flow in a neutral
superfluid. These relations follow from the (phenomeno-
logical) magnetic free-energy density (per unit length)

Fðρs; ∂xφÞ ¼ ρ2s=2χ þ Að∂xφÞ2=2; ð3Þ

parametrized by the spin susceptibility (along the sym-
metry axis x) χ and the exchange stiffness A. Note that we
are constructing here a quasi-one-dimensional descrip-
tion, so that the spin density ρs, the susceptibility χ, and
the exchange stiffness A are obtained by multiplying their
bulk values by the magnetic wire’s cross section.
ρs, being the generator of the spin order-parameter

rotations, is canonically conjugate to φ [10],

fφðxÞ; ρsðx0Þg ¼ δðx − x0Þ; ð4Þ

where the left-hand side stands for the Poisson bracket. The
corresponding Hamilton equations lead to the continuity
equation (1), once we have supplemented the theory also
with the dissipation according to the Rayleigh dissipation
function density R ¼ αsð∂tφÞ2=2 [25]. α is a dimensionless
Gilbert damping parameter and s is a convenient normali-
zation constant in units of spin density. (Typically, we choose
s to be the full saturation spin density of the underlying
spin system.) The spin-relaxation rate on the right-hand
side of Eq. (1) is accordingly obtained to be τ−1α ¼ αs=χ.
The conjugate Hamilton equation is analogous to a local
Josephson relation

∂tφ ¼ ρs=χ: ð5Þ

The boundary conditions at the metal contacts are con-
structed according to the spin Hall torque [26]

−A∂xφ ¼ τ ¼∓ g∂tφþ ϑI; ð6Þ

at x ¼ 0; L. Here, g≡ ðℏ=4πÞg↑↓, in terms of the interfacial
spin-mixing conductance g↑↓, and ϑ≡ ðℏ=2eÞðSc=SwÞ
tan θSH, in terms of the effective (dimensionless) spin Hall
angle θSH of the interface. Sc is the spin Hall contact area

FIG. 1. A schematic of a quasi-one-dimensional spin spiral of
length L that stores energy density ∝ ð∂xφÞ2, where φ is the
order-parameter angle within the magnetic easy plane. The
winding density ρ≡ −∂xφ of the easy-(yz)-plane directional
order parameter is associated with a collective metastable spin
current Is flowing along the loop. This spin current is loaded by
applying a spin torque τ at the ends of the loop, utilizing the spin
Hall effect in metallic wires (red) deposited on top. Externally
applied electrical current I is thus used to load energy into the
battery. This energy is eventually released by exerting a reciprocal
spin-motive force onto an external spintronic circuit. The blue
gate controls magnetic properties underneath it, allowing one to
locally interrupt the collective spin current on demand, by turning
the gate voltage Vg on or off.
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FIG. 1. The ring-shaped bilayer with a radius r, width δr, and
heights hm for the magnetic insulator and hc for the metal contact.
The order parameter of this magnetic insulator with easy-xy-plane
anisotropy is parametrized by the spin-space azimuthal angle ϕ. The
(ferromagnetic) metal layer has a uniform magnetization M = M ẑ
and an azimuthal current I . The electric current induces a vortex
flow Iv in the radial direction, which builds up an azimuthal winding
density ∂lϕ of the magnetic order parameter, where l (= rφ in polar
coordinates) is the polar position in the plane of the annulus.

by Stokes theorem, is also the total winding number at the
boundary ∂%. Here n∥ is the easy-plane projection of the order
parameter n. We remark that this construction is true not only
at the low-temperature regime, where N is integer valued,
but also applicable at high temperatures and the paramagnetic
regime (even in the lattice limit [22]), where the vortex num-
ber is not quantized.

To load the free energy associated with the magnetic wind-
ing texture, we operate the magnetic system near the Curie
temperature (paramagnet regime) so that vortices and antivor-
tices deconfine to form a two-dimensional, two-component
plasma with finite vortex conductivity σv [21]. A constant
electric current I circulating in the magnetic metal contact
(see Fig. 1) energetically biases a radial vortex flow Iv [21]
based on symmetry analysis. The electric current and vortex
current are Magnus cross-coupled, as shown in Fig. 2(a). We
articulate the detailed mechanism in a later section.

Using this externally driven vortex flow, we are able to re-
verse the typical “phase-slip” process in superfluids [5,23,24]
and build up a finite order-parameter winding density ∂lϕ in
the magnetic insulator. The rate of change of the magnetic
winding number and the intensity of the vorticity flow are
related by the conservation law for the vortex 3-current (1):

dN /dt = Iv. (3)

As the winding number accumulates, the magnetic configura-
tion builds up a finite free-energy and exerts a restoring force
on the vortex flow, which decays exponentially and eventu-
ally vanishes when the restoring force balances the external
drive. This type of process is analogous to the experimental
proposal by Pearl [25], in which a magnetic screw rotating
inside a superconducting cylinder is used to propagate vortices
radially in order to increase the azimuthal superflow. In this

FIG. 2. (a) Schematic in Fig. 1 shows two viscously coupled
hydrodynamic entities: one is electron flow I and the other is vor-
tex flow Iv . The electrical circuit (b) has a current I , resistance
R, self-inductance L (due to geometry), and effective impedance
Zv (ω) arising from the vortex-flow backaction on the electric circuit.
Within the vortex circuit (c), the electric current I acts as a bias
V = γ I/hc for the vortex flow, where γ /hc parametrizes the Magnus
force between the electron and vortex degrees of freedom. Vortex
flow through the magnetic bulk experiences resistance Rv , which
is temperature dependent. The accumulated magnetic texture stores
energy according to the capacitance Cv .

system, the mechanical energy of the rotating magnetic screw
is converted into the energy associated with the increased
winding of the order parameter. Similarly, our system converts
electrical energy into the exchange energy of the magnetic
texture.

Tuning the temperature for our magnetic system well be-
low the Curie temperature Tc keeps the winding texture within
plane, due to the easy-plane anisotropy, thus endowing it
with topological protection. In this regime, the conductivity
of vortices and hence the unwinding process is exponen-
tially suppressed. As a result, the energy associated with
the magnetic texture can be stored indefinitely in the ab-
sence of an external drive. To release the energy stored in
the magnetic winding texture, we can simply raise the tem-
perature near Tc and make use of the natural vortex flow
in the “phase-slip” regime. The electromotive force from
the vortex flow becomes the output voltage of the magnetic
battery.

Main results. As we explain below, the dynamics of the
system in Figs. 1 and 2 can be understood by mapping to
two coupled circuits, one for electron flow and the other for
topological charge (vortex) flow. For the topological charge
circuit [see Fig. 2(c)], the electric current I in the metal con-
tact plays the role of a bias, which applies the vortex-motive
force γ I/hc, triggering a vortex current Iv . Here γ /hc is an
interfacial spin-transfer torque parameter to be defined below.
The magnetic insulator itself behaves like a vortex capacitor
(Cv) and resistor (Rv) in series.

For the electric circuit, a reciprocal electromotive force
EEMF = γ Iv/hc arises from the coupling between electron and
vortex dynamics [26,27], in series with the resistance R and
the geometric inductance L of the metal contact. The Onsager
reciprocity [28] between the two circuits can be expressed in
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FIG. 2. Schematic of a minimal setup for geometrically con-
trolled vortex transport. A metallic wire is wrapped around a
cylindrical magnetic insulator membrane as a helix. An applied
electric current I induces vorticity flux J transverse to the wire,
resulting in vorticity current Iv along z. The side panel indicates that
this system realizes a battery.

orthogonal to m. A torque (per unit length) that satisfies this
is [59]

τ = ζ j
π

(Tn · m)[∇ℓm + n ∂ℓ(n · m)]. (6)

Here, j = j · v is the electric current density, and ζ is a
phenomenological parameter characterizing the geometry-
enabled dissipative coupling of electric and vortex dynamics.
Importantly, this torque is only permitted in the presence of
spin-orbit coupling. This reminds us of the chirality-induced
spin selectivity effect, which arises from the coupling of the
electron linear momentum to spin degrees of freedom in chiral
materials [61,62]. Furthermore, in the limit of strong spin-
orbit coupling, dimensional analysis suggests ζ ∼ h̄wλ2

F /e,
where λF is the Fermi wavelength, e is the positive elementary
electric charge, and w is the width of the wire.

The work done on the magnetic texture is

δW =
∫

dℓ dt τ · (m × ∂t m) = ζT j δQ, (7)

where δQ =
∫

dtdℓ v · (J × n) is the vorticity flow across
the wire. The effective vortex chemical potential is µ ≡
δW/δQ = ζT j. In the high-temperature paramagnetic regime,
a linear relation µ ∝ j should still hold, although thermal
fluctuations of |m| will renormalize the prefactor.

Vortex circuit elements. Figure 2 illustrates a possible setup
where torsion gives rise to pumping of vorticity. Here, a
magnetic insulating membrane (which can either be ferro- or
antiferromagnetic) of thickness h and length lm wraps around
a cylindrical insulating core. A metal wire of width w and
thickness δ wraps around the cylindrical magnetic membrane
of radius r as a uniform helix with helix angle θ . Systems with
similar geometry, in the form of rolled magnetic membranes,
have been fabricated [63]. The uniform helix has a constant
torsion T = sin(2θ )/2r, allowing electric current flow in the
wire to drive a vorticity flux J , which we assume is transverse
to the wire. For this setup, the vortex current will flow along
the cylinder in the same direction as the electrical current flow,
irrespective of the sign of the torsion T [64].

J can be decomposed into components orthogonal and
parallel to the z axis. The former accumulates winding along
z, which may unwind at the ends of the cylinder. The latter,

on the other hand, builds up winding azimuthally, which is
energetically protected by the easy-surface anisotropy. We are
interested in the vortex current flowing in the z direction,
Iv = 2πr|J | sin θ , which is driven by the vortex motive force
IR generated by the electric current. Here,

R = ζTlm
2πrwδ

tan θ (8)

is the vortexoelectric drag coefficient, which can be under-
stood as the analog to the Seebeck coefficient [59]. Different
from our previous works on energy storage using topological
spin textures [19,20], R is unique to the nontrivial geometry
of this setup and is absent from flat counterparts. Upon sub-
stitution of T = sin(2θ )/2r, we find R ∝ sin2 θ . In the linear
response, Iv ∝ R, so θ = π/2 maximizes the vorticity flow.

The membrane behaves like a series RvCv circuit in re-
sponse to nonzero vortex flow, exhibiting an effective vortex
resistance Rv and effective winding capacitance Cv . As dic-
tated by the bulk-boundary correspondence, the vortex current
“winds up” the magnetic texture, thereby storing exchange
energy. The stiffness of the magnetic texture engenders Cv .
On the other hand, Rv can arise due to Gilbert damping,
defects, and vortex-antivortex collisions. Following Ref. [20],
we estimate Cv and Rv by exploiting the duality between the
XY magnet and two-dimensional electrostatics [57]. We find

Cv = 1
A

r
2πhlm

, Rv = 1
σv

lm
2πr

, (9)

where σ−1
v is the vortex resistivity and A is the magnetic

stiffness [59]. With the circuit elements R, Rv , and Cv in hand,
we set out to construct topological circuits [20].

Coupled topological circuits. The setup we have been dis-
cussing can be described by coupled vorticity and electric
circuits, which are depicted in Fig. 3. The applied electric
current I in the wire supplies an effective vortex motive force
IR to the vorticity circuit. This results in buildup of winding
and an effective vortex voltage Vv = −Q/Cv . The backaction
of vortex dynamics on the electrical response induces an elec-
tromotive force IvR on the electric circuit, which is written
down by invoking Onsager reciprocity. Note that, like ordi-
nary charge, vorticity is even under time reversal. Kirchhoff’s
law for the coupled electrical and vorticity circuits is thus

(
V
Vv

)
=

(
R + L d

dt −R
−R Rv

)(
I
Iv

)
. (10)

Here, V is the electric voltage, L is the self-inductance, and R
is the electrical resistance. The resistance matrix is symmet-
ric as dictated by Onsager reciprocity, and positive-definite
according to the second law of thermodynamics [65,66].
The latter constraint enforces 0 < ξ < 1, where ξ ≡ R2/RRv

parametrizes the relative strength of the off-diagonal to the
diagonal elements of the resistance matrix.

Fourier-transforming Eq. (10) into the frequency domain,
we find the effective impedance is

Z (ω) ≡ V (ω)
I (ω)

= R + iωL − iωCvR2

1 + iωCvRv

. (11)

Similar to conventional RC circuits, here, τ = RvCv =
(4π2Ahσv )−1 is the timescale for loading and discharging
vortices from the magnetic texture. In the high-frequency
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In basic textbook thermo-electrics:

• Thermo-electric functionality is based on cross-coupling of two conserved fluxes:
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Underlying thermodynamic efficiency for various energy-transmutation devices

• Optimal thermodynamic efficiency for devices based on one quantity driving the other is 
governed by a dimensionless parameter 

• Second law of thermodynamics requires the response matrix to be positive-semidefinite:
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“cooperativity” between the two fluxes

An illustrative example with a maximal efficiency is provided by a symmetric two-component fluid:
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The associated dissipation in this case is given by the relative motion of the two fluids:
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Thermo-electric efficiency is historically parametrized by dimensionless  ZT

• For historic reasons, thermoelectric efficiency is defined as 

• This corresponds, in our notation, to
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Examples: thermal power generator or electrical (Peltier) cooler - efficiencies of both are controlled by this same dimensionless ZT parameter
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Such thermo-electrics lay out a general blueprint for “X-electrics”:

• We propose to explore other (topological) conservation laws in magnetic systems, giving 
rise to a similar cross-coupling with an electrical (or thermal) flux 

• Topological energy storage as a natural (proof-of-principle) thermodynamic functionality 

• Reducing symmetries to enable the cross-coupling using either magnetic order or 
geometry of the device

JONES, ZOU, ZHANG, AND TSERKOVNYAK PHYSICAL REVIEW B 102, 140411(R) (2020)

FIG. 1. The ring-shaped bilayer with a radius r, width δr, and
heights hm for the magnetic insulator and hc for the metal contact.
The order parameter of this magnetic insulator with easy-xy-plane
anisotropy is parametrized by the spin-space azimuthal angle ϕ. The
(ferromagnetic) metal layer has a uniform magnetization M = M ẑ
and an azimuthal current I . The electric current induces a vortex
flow Iv in the radial direction, which builds up an azimuthal winding
density ∂lϕ of the magnetic order parameter, where l (= rφ in polar
coordinates) is the polar position in the plane of the annulus.

by Stokes theorem, is also the total winding number at the
boundary ∂%. Here n∥ is the easy-plane projection of the order
parameter n. We remark that this construction is true not only
at the low-temperature regime, where N is integer valued,
but also applicable at high temperatures and the paramagnetic
regime (even in the lattice limit [22]), where the vortex num-
ber is not quantized.

To load the free energy associated with the magnetic wind-
ing texture, we operate the magnetic system near the Curie
temperature (paramagnet regime) so that vortices and antivor-
tices deconfine to form a two-dimensional, two-component
plasma with finite vortex conductivity σv [21]. A constant
electric current I circulating in the magnetic metal contact
(see Fig. 1) energetically biases a radial vortex flow Iv [21]
based on symmetry analysis. The electric current and vortex
current are Magnus cross-coupled, as shown in Fig. 2(a). We
articulate the detailed mechanism in a later section.

Using this externally driven vortex flow, we are able to re-
verse the typical “phase-slip” process in superfluids [5,23,24]
and build up a finite order-parameter winding density ∂lϕ in
the magnetic insulator. The rate of change of the magnetic
winding number and the intensity of the vorticity flow are
related by the conservation law for the vortex 3-current (1):

dN /dt = Iv. (3)

As the winding number accumulates, the magnetic configura-
tion builds up a finite free-energy and exerts a restoring force
on the vortex flow, which decays exponentially and eventu-
ally vanishes when the restoring force balances the external
drive. This type of process is analogous to the experimental
proposal by Pearl [25], in which a magnetic screw rotating
inside a superconducting cylinder is used to propagate vortices
radially in order to increase the azimuthal superflow. In this

FIG. 2. (a) Schematic in Fig. 1 shows two viscously coupled
hydrodynamic entities: one is electron flow I and the other is vor-
tex flow Iv . The electrical circuit (b) has a current I , resistance
R, self-inductance L (due to geometry), and effective impedance
Zv (ω) arising from the vortex-flow backaction on the electric circuit.
Within the vortex circuit (c), the electric current I acts as a bias
V = γ I/hc for the vortex flow, where γ /hc parametrizes the Magnus
force between the electron and vortex degrees of freedom. Vortex
flow through the magnetic bulk experiences resistance Rv , which
is temperature dependent. The accumulated magnetic texture stores
energy according to the capacitance Cv .

system, the mechanical energy of the rotating magnetic screw
is converted into the energy associated with the increased
winding of the order parameter. Similarly, our system converts
electrical energy into the exchange energy of the magnetic
texture.

Tuning the temperature for our magnetic system well be-
low the Curie temperature Tc keeps the winding texture within
plane, due to the easy-plane anisotropy, thus endowing it
with topological protection. In this regime, the conductivity
of vortices and hence the unwinding process is exponen-
tially suppressed. As a result, the energy associated with
the magnetic texture can be stored indefinitely in the ab-
sence of an external drive. To release the energy stored in
the magnetic winding texture, we can simply raise the tem-
perature near Tc and make use of the natural vortex flow
in the “phase-slip” regime. The electromotive force from
the vortex flow becomes the output voltage of the magnetic
battery.

Main results. As we explain below, the dynamics of the
system in Figs. 1 and 2 can be understood by mapping to
two coupled circuits, one for electron flow and the other for
topological charge (vortex) flow. For the topological charge
circuit [see Fig. 2(c)], the electric current I in the metal con-
tact plays the role of a bias, which applies the vortex-motive
force γ I/hc, triggering a vortex current Iv . Here γ /hc is an
interfacial spin-transfer torque parameter to be defined below.
The magnetic insulator itself behaves like a vortex capacitor
(Cv) and resistor (Rv) in series.

For the electric circuit, a reciprocal electromotive force
EEMF = γ Iv/hc arises from the coupling between electron and
vortex dynamics [26,27], in series with the resistance R and
the geometric inductance L of the metal contact. The Onsager
reciprocity [28] between the two circuits can be expressed in
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Pierre Curie:
“Asymmetry creates the phenomenon”

vortexo-electrics

• as a potential practical application, we propose to utilize the resultant 
vortex motion for building up magnetic winding for energy storage 

• thermodynamic efficiency is independent of the actual application



Our original topological energy-storage concept left some open questions

YT and Xiao, PRL (2018)

• How to inject/extract winding in practice? 

• Boundary (twisting) vs bulk (vorticity) 

• Controlling symmetries: Heterostructure 
design vs curved geometry 

• Thermodynamic efficiency?



The more appealing approach is based on extensive force on vortices:

• If we establish practical means to push vorticity within a 2D system, winding would build up in 
the transverse direction (cf. phase slips in 2D superfluids) 

• This links up our energy-storage agenda with the transport of vorticity: recasting winding 
buildup as a transport phenomenon
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Recall vorticity-winding transmutation along any edge/boundary:
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Q =

Z
d2r ⇢v ! 1

topological charge      labels 
winding homotopy classes in 
the strongly-ordered XY limit

<latexit sha1_base64="8PGw4f253QR5fByfSCempRIPnWg=">AAABrXicZU9NT8JAFHyLX4hfVY9ejFw8YWtEPXgg8eKRJhZIaCXb5YEbdreb7pbYNPwCrxp/m/9GxF4qc5rMvHmZibXgxrruN6ltbG5t79R3G3v7B4dHzvFJzyRZyjBgiUjSQUwNCq4wsNwKHOgUqYwF9uPZ46/fn2NqeKKeba4xknSq+IQzapeS74+cpttyVzhfJ15JmlCiO3K+wnHCMonKMkGNGXqutlFBU8uZwEUjzAxqymZ0isPxnGujqEQTFW+rrhW/oNKYXMZroqT2tfops5P7qOBKZxYVqwbySaKsWSyXeP97r5Pedcu7bbX9m2bnodxUhzO4gEvw4A468ARdCIABwjt8wCe5IgEJycvfaY2UmVOogEx/AMq+d1c=</latexit>

Q

net integrated vorticity is naturally conserved and tends to be charge-neutral over any extended region
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Recall the “electrical Magnus force” on vortices:

⌧ = ⌘M ·m(J ·r)m
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spin torque by the input current at the left interface:

M / z
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m(x, y, t)
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- magnetization of the metal contact

- magnetic texture of the insulator

Topological Transport of Vorticity in Heisenberg Magnets
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We study a robust topological transport carried by vortices in a thin film of an easy-plane fer-
romagnetic insulator between two metal contacts. A vortex, which is a nonlocal topological spin
texture in two-dimensional magnets, exhibits some beneficial features as compared to skyrmions,
which are local topological defects. In particular, the total topological charge carried by vorticity
is robust against local fluctuations of the spin order-parameter magnitude. We show that an elec-
tric current in one of the magnetized metal contacts can pump vortices into the insulating bulk.
Di↵usion and nonlocal Coulomb-like interaction between these vortices will establish a steady-state
vortex flow. Vortices leaving the bulk produce an electromotive force at another contact, which is
related to the current-induced vorticity pumping by the Onsager reciprocity. The voltage signal de-
cays algebraically with the separation between two contacts, similarly to a superfluid spin transport.
Finally, the vorticity and closely related skyrmion type topological hydrodynamics are generalized
to arbitrary dimensions, in terms of nonsingular order-parameter vector fields.

Introduction.—Topology and geometry play an impor-
tant role in modern condensed matter physics [1]. Topo-
logical excitations, which are nonlinear order-parameter
textures are interesting physical objects both theoreti-
cally and experimentally [2]. Dynamics of these excita-
tions can result in conservation laws that do not result
from any symmetries of the system, but rather, derive
directly from their topology, rooted in the homotopic
properties of the associated fields. A magnetic insula-
tor is a rich platform to study various classes of topo-
logical excitations and their (hydro)dynamics. On the
practical flip side, we can exploit these topological ex-
citations to deliver information through charge insula-
tors more e↵ectively than using decaying quasiparticles,
such as phonons or magnons [3]. Chiral domain walls
in quasi-one-dimensional easy-plane (anti)ferromagnets
[4, 5], skyrmions in quasi-two-dimensional magnets [6],
and the winding of three-dimensional spin-glass textures
[7] have already been investigated extensively, in this con-
text.

Easy-plane magnets support topological excitations re-
ferred to as vortices. They are characterized by the
U(1) winding number, similar to superconducting vor-
tices, and thus are nonlocal, being immune to arbi-
trary local perturbations (or “surgeries,” in the jargon
of topologists). This makes them more robust for long-
ranged transport than the previously considered topo-
logical defects. In addition, their nonlocal nature en-
genders the Coulomb-like interaction, giving rise to a
finite-temperature Kosterlitz-Thouless transition. Also,
vortices are promising candidates for information and en-
ergy storage [8]. In this paper, we will develop the hy-
drodynamic picture of vortices and realize a superfluid-
like transport [4, 9–11], based on nonsingular textures in
easy-plane magnetic materials.

Main results and discussion.—To illustrate our key
findings, we focus on the two-terminal geometry of Fig. 1.

FIG. 1. A schematic for the proposed injection and detec-
tion of vortices. The electric current in the left magnetized
contact pumps vortices into the insulating bulk. The applied
voltage is Vin. The vortices leaving the system through the
right magnetized contact sustain the output voltage Vout. The
drag coe�cient Cd ⌘ Vout/Vin quantifies the e�ciency of the
topological vorticity transport.

An electric current in the left magnetic metal contact
with magnetization M exerts an adiabatic torque on the
spins of the film at the left boundary. For an appropriate
choice of M (polarized out of the plane), the work done
by the torque will energetically bias the vortex injection
into the bulk. By regarding these vortices as classical
objects, di↵usion and nonlocal Coulomb interactions [12]
will establish a steady-state distribution of vortex density
and its flow. This pumped vorticity will leave the sys-
tem and induce an electromotive force [13] at the right
contact, according to the Onsager-reciprocal process [14].
Using the drag coe�cient Cd ⌘ Vout/Vin to measure the
e�ciency of this topological transport, we find

Cd = (⇡⌘M)2�c�A/L , (1)

in the linear-response regime, when L ! 1 (so the
magnetic-insulator bulk dominates the impedance for the
vorticity flow). �c and � here are the conductivity of
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Energetics (thermodynamics) and symmetries:

charge current vortex flux

Ẇ =

Z
dy ⌧ · (m⇥ @tm) ! ⌘ z · J⇥ j
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We study the spin-transfer drag mediated by the Brownian motion of skyrmions. The essential idea is illustrated
in a two-terminal geometry, in which a thin film of a magnetic insulator is placed in between two metallic
reservoirs. An electric current in one of the terminals pumps topological charge into the magnet via a spin-transfer
torque. The charge diffuses over the bulk of the system as stable skyrmion textures. By Onsager’s reciprocity,
the topological charge leaving the magnet produces an electromotive force in the second terminal. The voltage
signal decays algebraically with the separation between contacts, in contrast to the exponential suppression of the
spin drag driven by nonprotected excitations like magnons. We show how this topological effect can be used as
a tool to characterize the phase diagram of chiral magnets and thin films with interfacial Dzyaloshinskii-Moriya
interactions.
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I. INTRODUCTION

Magnetic insulators stand out as promising platforms for
spintronics devices due to the lack of energy dissipation by
Joule heating. Nevertheless, the transmission of information
encoded in the collective dynamics of localized spins is not
immune to losses due to the exchange of angular momentum
with itinerant electrons and the lattice. In condensed matter
systems, dissipationless transport is either sustained by a
superfluid ground state or driven by topological excitations.
Spin superfluidity has been extensively discussed in the
context of easy-plane magnetic insulators [1]. Long-ranged
spin transmission is supported by the coherent precession of
the order parameter within the easy plane of the magnet, which,
on the other hand, is not robust under perturbations breaking
the U(1) spin symmetry. Dissipationless spin transport can be
mediated also by the Brownian motion of solitons like, for
example, domain walls [2]. In that case, however, thermally
activated phase slip events [3] invalidate the topological
protection of domain walls’ chirality, imposing restrictions
on the geometry of the device. The aim of this paper is to
generalize the idea of spin transport mediated by solitons,
focusing on skyrmion textures in order to overcome these
limitations.

Magnetic skyrmions are characterized by a topological
index that labels the number of times that the local order
parameter wraps the unit sphere in spin space. This integer—
the skyrmion charge—remains unchanged as long as the
texture varies slowly. Due to its robustness, skyrmions are
promising candidates as building blocks for information
storage [4]. The observation of skyrmions in bulk [5,6] and
thin films [7,8] of chiral magnets, or in systems with interfacial
Dzyaloshinskii-Moriya interaction [9], together with the low
spin-polarized currents that are needed to move them [10] has
boosted the field in recent years.

Let us consider the two-terminal geometry depicted in
Fig. 1. A current in the left contact exerts a torque on the
order parameter of the film, favoring the injection of skyrmion
charge. The charge is topologically protected, so it diffuses
without losses over the bulk of the system as stable skyrmion
solitons, which eventually reach the right terminal. By the
reciprocal effect to the spin-transfer torque, the topological

charge leaving the system pumps itinerant spins into the right
metal, generating an electromotive force. The drag of spin
current is negative, contrary to frictional effects based on
linear momentum transfer. In the steady state and neglecting
boundary effects, the drag coefficient Cd ≡ IR/IL reduces to

Cd = −µρ0σ

(
2π!P

e

)2
d

L
. (1)

Here ρ0 is the concentration of skyrmions at the equilibrium, µ
is the longitudinal skyrmion mobility, and σ is the conductivity
of the metal contacts. The term between brackets must be
interpreted as the conversion factor between charge and spin
current, where P is a dimensionless parameter measuring the
efficiency of this conversion. The last factor is geometrical, d
and L being the thickness of the film and the distance between
terminals, respectively. Its origin is the following: On one
hand, the spin transfer and pumping effects are more efficient
as the surface of the interface grows; on the other, the drag
effect decays algebraically with the distance between contacts
due to the diffusion of the skyrmion charge. The latter is a
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FIG. 1. Scheme for electrical injection and detection of
skyrmions. The electric current in the left terminal pumps skyrmion
charge into the magnet, which diffuses as stable solitons over the
system. The skyrmion charge leaving the system sustains a voltage
signal in the second terminal.
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FIG. 1. The ring-shaped bilayer with a radius r, width δr, and
heights hm for the magnetic insulator and hc for the metal contact.
The order parameter of this magnetic insulator with easy-xy-plane
anisotropy is parametrized by the spin-space azimuthal angle ϕ. The
(ferromagnetic) metal layer has a uniform magnetization M = M ẑ
and an azimuthal current I . The electric current induces a vortex
flow Iv in the radial direction, which builds up an azimuthal winding
density ∂lϕ of the magnetic order parameter, where l (= rφ in polar
coordinates) is the polar position in the plane of the annulus.

by Stokes theorem, is also the total winding number at the
boundary ∂%. Here n∥ is the easy-plane projection of the order
parameter n. We remark that this construction is true not only
at the low-temperature regime, where N is integer valued,
but also applicable at high temperatures and the paramagnetic
regime (even in the lattice limit [22]), where the vortex num-
ber is not quantized.

To load the free energy associated with the magnetic wind-
ing texture, we operate the magnetic system near the Curie
temperature (paramagnet regime) so that vortices and antivor-
tices deconfine to form a two-dimensional, two-component
plasma with finite vortex conductivity σv [21]. A constant
electric current I circulating in the magnetic metal contact
(see Fig. 1) energetically biases a radial vortex flow Iv [21]
based on symmetry analysis. The electric current and vortex
current are Magnus cross-coupled, as shown in Fig. 2(a). We
articulate the detailed mechanism in a later section.

Using this externally driven vortex flow, we are able to re-
verse the typical “phase-slip” process in superfluids [5,23,24]
and build up a finite order-parameter winding density ∂lϕ in
the magnetic insulator. The rate of change of the magnetic
winding number and the intensity of the vorticity flow are
related by the conservation law for the vortex 3-current (1):

dN /dt = Iv. (3)

As the winding number accumulates, the magnetic configura-
tion builds up a finite free-energy and exerts a restoring force
on the vortex flow, which decays exponentially and eventu-
ally vanishes when the restoring force balances the external
drive. This type of process is analogous to the experimental
proposal by Pearl [25], in which a magnetic screw rotating
inside a superconducting cylinder is used to propagate vortices
radially in order to increase the azimuthal superflow. In this

FIG. 2. (a) Schematic in Fig. 1 shows two viscously coupled
hydrodynamic entities: one is electron flow I and the other is vor-
tex flow Iv . The electrical circuit (b) has a current I , resistance
R, self-inductance L (due to geometry), and effective impedance
Zv (ω) arising from the vortex-flow backaction on the electric circuit.
Within the vortex circuit (c), the electric current I acts as a bias
V = γ I/hc for the vortex flow, where γ /hc parametrizes the Magnus
force between the electron and vortex degrees of freedom. Vortex
flow through the magnetic bulk experiences resistance Rv , which
is temperature dependent. The accumulated magnetic texture stores
energy according to the capacitance Cv .

system, the mechanical energy of the rotating magnetic screw
is converted into the energy associated with the increased
winding of the order parameter. Similarly, our system converts
electrical energy into the exchange energy of the magnetic
texture.

Tuning the temperature for our magnetic system well be-
low the Curie temperature Tc keeps the winding texture within
plane, due to the easy-plane anisotropy, thus endowing it
with topological protection. In this regime, the conductivity
of vortices and hence the unwinding process is exponen-
tially suppressed. As a result, the energy associated with
the magnetic texture can be stored indefinitely in the ab-
sence of an external drive. To release the energy stored in
the magnetic winding texture, we can simply raise the tem-
perature near Tc and make use of the natural vortex flow
in the “phase-slip” regime. The electromotive force from
the vortex flow becomes the output voltage of the magnetic
battery.

Main results. As we explain below, the dynamics of the
system in Figs. 1 and 2 can be understood by mapping to
two coupled circuits, one for electron flow and the other for
topological charge (vortex) flow. For the topological charge
circuit [see Fig. 2(c)], the electric current I in the metal con-
tact plays the role of a bias, which applies the vortex-motive
force γ I/hc, triggering a vortex current Iv . Here γ /hc is an
interfacial spin-transfer torque parameter to be defined below.
The magnetic insulator itself behaves like a vortex capacitor
(Cv) and resistor (Rv) in series.

For the electric circuit, a reciprocal electromotive force
EEMF = γ Iv/hc arises from the coupling between electron and
vortex dynamics [26,27], in series with the resistance R and
the geometric inductance L of the metal contact. The Onsager
reciprocity [28] between the two circuits can be expressed in

140411-2

Jones, Zou, Zhang, and YT, PRB (2020)

Corbino geometry for vortex transport turns this into energy storage:
JONES, ZOU, ZHANG, AND TSERKOVNYAK PHYSICAL REVIEW B 102, 140411(R) (2020)
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heights hm for the magnetic insulator and hc for the metal contact.
The order parameter of this magnetic insulator with easy-xy-plane
anisotropy is parametrized by the spin-space azimuthal angle ϕ. The
(ferromagnetic) metal layer has a uniform magnetization M = M ẑ
and an azimuthal current I . The electric current induces a vortex
flow Iv in the radial direction, which builds up an azimuthal winding
density ∂lϕ of the magnetic order parameter, where l (= rφ in polar
coordinates) is the polar position in the plane of the annulus.

by Stokes theorem, is also the total winding number at the
boundary ∂%. Here n∥ is the easy-plane projection of the order
parameter n. We remark that this construction is true not only
at the low-temperature regime, where N is integer valued,
but also applicable at high temperatures and the paramagnetic
regime (even in the lattice limit [22]), where the vortex num-
ber is not quantized.

To load the free energy associated with the magnetic wind-
ing texture, we operate the magnetic system near the Curie
temperature (paramagnet regime) so that vortices and antivor-
tices deconfine to form a two-dimensional, two-component
plasma with finite vortex conductivity σv [21]. A constant
electric current I circulating in the magnetic metal contact
(see Fig. 1) energetically biases a radial vortex flow Iv [21]
based on symmetry analysis. The electric current and vortex
current are Magnus cross-coupled, as shown in Fig. 2(a). We
articulate the detailed mechanism in a later section.

Using this externally driven vortex flow, we are able to re-
verse the typical “phase-slip” process in superfluids [5,23,24]
and build up a finite order-parameter winding density ∂lϕ in
the magnetic insulator. The rate of change of the magnetic
winding number and the intensity of the vorticity flow are
related by the conservation law for the vortex 3-current (1):

dN /dt = Iv. (3)

As the winding number accumulates, the magnetic configura-
tion builds up a finite free-energy and exerts a restoring force
on the vortex flow, which decays exponentially and eventu-
ally vanishes when the restoring force balances the external
drive. This type of process is analogous to the experimental
proposal by Pearl [25], in which a magnetic screw rotating
inside a superconducting cylinder is used to propagate vortices
radially in order to increase the azimuthal superflow. In this

FIG. 2. (a) Schematic in Fig. 1 shows two viscously coupled
hydrodynamic entities: one is electron flow I and the other is vor-
tex flow Iv . The electrical circuit (b) has a current I , resistance
R, self-inductance L (due to geometry), and effective impedance
Zv (ω) arising from the vortex-flow backaction on the electric circuit.
Within the vortex circuit (c), the electric current I acts as a bias
V = γ I/hc for the vortex flow, where γ /hc parametrizes the Magnus
force between the electron and vortex degrees of freedom. Vortex
flow through the magnetic bulk experiences resistance Rv , which
is temperature dependent. The accumulated magnetic texture stores
energy according to the capacitance Cv .

system, the mechanical energy of the rotating magnetic screw
is converted into the energy associated with the increased
winding of the order parameter. Similarly, our system converts
electrical energy into the exchange energy of the magnetic
texture.

Tuning the temperature for our magnetic system well be-
low the Curie temperature Tc keeps the winding texture within
plane, due to the easy-plane anisotropy, thus endowing it
with topological protection. In this regime, the conductivity
of vortices and hence the unwinding process is exponen-
tially suppressed. As a result, the energy associated with
the magnetic texture can be stored indefinitely in the ab-
sence of an external drive. To release the energy stored in
the magnetic winding texture, we can simply raise the tem-
perature near Tc and make use of the natural vortex flow
in the “phase-slip” regime. The electromotive force from
the vortex flow becomes the output voltage of the magnetic
battery.

Main results. As we explain below, the dynamics of the
system in Figs. 1 and 2 can be understood by mapping to
two coupled circuits, one for electron flow and the other for
topological charge (vortex) flow. For the topological charge
circuit [see Fig. 2(c)], the electric current I in the metal con-
tact plays the role of a bias, which applies the vortex-motive
force γ I/hc, triggering a vortex current Iv . Here γ /hc is an
interfacial spin-transfer torque parameter to be defined below.
The magnetic insulator itself behaves like a vortex capacitor
(Cv) and resistor (Rv) in series.

For the electric circuit, a reciprocal electromotive force
EEMF = γ Iv/hc arises from the coupling between electron and
vortex dynamics [26,27], in series with the resistance R and
the geometric inductance L of the metal contact. The Onsager
reciprocity [28] between the two circuits can be expressed in
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• Vortex and electron fluxes cross-couple via Magnus-like friction: 

• The magnetic annulus acts as a winding capacitor: 

• It is tempting to think of devices where a tunable vortex conductivity (e.g., associated with 
their binding and/or defect pinning) is utilized as a switch
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Alternatively: Geometry-enabled topological energy storage
3

chirality-induced spin selectivity e↵ect, which arises from
the coupling of the electron linear momentum to spin de-
grees of freedom in chiral materials [60, 61]. Furthermore,
in the limit of strong spin-orbit coupling, dimensional
analysis suggests ⇣ ⇠ ~w�2

F /e, where �F is the Fermi
wavelength, e is the positive elementary electric charge,
and w is the width of the wire. We assume w � �F

and that w is small enough for ⌧ to be (approximately)
uniform over the wire width.

The work done on the magnetic texture is

�W =

Z
d` dt ⌧ · (m⇥ @tm) = ⇣Tj �Q, (7)

where �Q =
R
dtd`v · (J ⇥ n) is the vorticity flow across

the wire. The e↵ective vortex chemical potential is given
by µ ⌘ �W/�Q = ⇣Tj. In the high-temperature param-
agnetic regime, a linear relation µ / j should still hold,
albeit with a prefactor renormalized by thermal fluctua-
tions of |m|.
Vortex circuit elements.—Fig. 2 illustrates a possible

setup in which torsion gives rise to pumping of vorticity.
Here, a magnetic insulating membrane (which can either
be ferro- or antiferromagnetic) of thickness h and length
lm wraps around a cylindrical insulating core. A metal
wire of width w and thickness � is wrapped around the
cylindrical magnetic membrane of radius r as a uniform
helix with helix angle ✓. Systems with similar geometry,
in the form of rolled magnetic membranes, have been
fabricated [62]. The uniform helix has a constant torsion
T = sin(2✓)/2r, allowing electric current flow in the wire
to drive a vorticity flux J , which we assume is transverse
to the wire.

J can be decomposed into components orthogonal and
parallel to the z axis. The former accumulates winding
along z, which may unwind at the ends of the cylin-
der. The latter, on the other hand, builds up winding
azimuthally, which is energetically protected by the easy-
surface anisotropy. We are interested in the vortex cur-
rent flowing in the z direction, Iv = 2⇡r|J | sin ✓, which
is driven by the vortex motive force IR generated by the
electric current. Here,

R =
⇣Tlm
2⇡rw�

tan ✓ (8)

is the e↵ective drag coe�cient [59]. Di↵erent from our
previous works on energy storage using topological spin
textures [19, 20], R is unique to the nontrivial geometry
of this setup and is not present in flat systems. Upon
substitution of T = sin(2✓)/2r, we find R / sin2 ✓. In
the linear response, Iv / R, so ✓ = ⇡/2 maximizes the
vortex current.

The membrane behaves like a series RvCv circuit in
response to nonzero vortex flow, exhibiting an e↵ective
vortex resistance Rv and e↵ective winding capacitance Cv.
As dictated by the bulk-boundary correspondence, the

FIG. 2. Schematic of a minimal setup for geometrically con-
trolled vortex transport. A metallic wire is wrapped around
a cylindrical magnetic insulator membrane as a helix. An
applied electric current I induces vorticity flux J transverse
to the wire, resulting in vorticity current Iv along z. The side
panel indicates that this system realizes a battery.

vortex current “winds up” the magnetic texture, thereby
storing exchange energy. The sti↵ness of the magnetic
texture engenders Cv. On the other hand, Rv can arise
due to Gilbert damping, defects, and vortex-antivortex
collisions. Following Ref. [20], we estimate Cv and Rv

by exploiting the duality between the XY magnet and
two-dimensional electrostatics [57]. This yields

Cv =
1

A

r

2⇡hlm
, Rv =

1

�v

lm
2⇡r

, (9)

where ��1
v is the vortex resistivity and A is the magnetic

sti↵ness [59]. With the circuit elements R, Rv, and Cv in
hand, we set out to construct topological circuits [20].

Coupled topological circuits.—The setup we have been
discussing can be described by coupled vorticity and elec-
tric circuits, which are depicted in Fig. 3. The applied
electric current I in the wire supplies an e↵ective vortex
motive force IR to the vorticity circuit. This results
in build-up of winding and an e↵ective vortex voltage
Vv = �Q/Cv. The backaction of vortex dynamics on the
electrical response induces an electromotive force IvR on
the electric circuit, which is written down by invoking
Onsager reciprocity. We note that, like ordinary charge,
vorticity is even under time reversal. Kirchho↵’s law for
the coupled electrical and vorticity circuits is thus

✓
V
Vv

◆
=

✓
R+ L d

dt �R
�R Rv

◆✓
I
Iv

◆
. (10)

Here, V is the voltage supplying the current I, L is the
self-inductance, and R is the electrical resistance. The
resistance matrix is symmetric as dictated by Onsager
reciprocity, and positive-definite according to the second
law of thermodynamics [63, 64]. The latter constraint
enforces 0 < ⇠ < 1, where ⇠ ⌘ R2/RRv parameterizes
the relative strength of the o↵-diagonal to the diagonal
elements of the resistance matrix.
Fourier transforming Eq. (10) into the frequency do-
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FIG. 3. Schematic of the vorticity (blue) and electric (red)
circuits, which are coupled through R (purple). R gives rise
to an e↵ective vortex motive force IR on the vorticity circuit
and, reciprocally, an electromotive force IvR on the electrical
response. Rv is tunable, allowing switching between vortex
conducting and insulating regimes. The side panel depicts
setups with positive and negative T.

main, we find the e↵ective impedance is

Z(!) ⌘ V (!)

I(!)
= R+ i!L� i!CvR2

1 + i!CvRv
. (11)

Similar to conventional RC circuits, here, ⌧ = RvCv =
(4⇡2Ah�v)�1 is the time scale for loading and discharging
vortices from the magnetic texture. In the high-frequency
regime, ! � 1/⌧ , the last term in Eq. (11) is approxi-
mated as �R2/Rv. The vorticity circuit functions as a
battery, reducing the e↵ective resistance of the electrical
circuit. In the low-frequency limit, ! ⌧ 1/⌧ , the vortic-
ity circuit acts like an inductor with e↵ective negative
inductance Lv = �CvR2. Impedance measurements of
the circuit in the low-frequency regime could pave a way
to probe the strength of the coupling between vortex and
charge currents. Similar impedance measurements on
helical-spin magnets have been performed to characterize
the current-driven dynamics of spin-helix structures [65].
Energy storage and e�ciency.—In addition to provid-

ing a means to measure ⇣, the setup depicted in Fig. 2
may also function as a battery. Operation of the battery
requires a mechanism to switch the vortex conductivity
between the conducting and insulating regimes, allow-
ing the battery to alternate between (dis)charging and
storing energy, respectively. The vortex transport param-
eters could be very sensitive and may be modulated, for
example, by heating and cooling the magnet [20, 57].
To charge the battery, we electrically bias vortex flow

along z, building up azimuthal spin winding so the magnet
accumulates exchange energy. Discharging the battery
is the reverse process wherein a vortex current induces
an electromotive force on the electric circuit, which may
be extracted as energy. The exchange energy is stored
by lowering the vortex conductivity, so vortex transport
parameters enter the insulating regime. Once in the in-
sulating regime, the amount of winding we can stabilize
is governed by the Landau criterion, since the magnetic
bulk cannot host an arbitrarily sharp texture [19, 66].
The easy-surface anisotropy (⇠K) protects the topologi-

cal spin texture by energetically preventing “phase-slip”
events during which the magnetic order parameter un-
winds [67]. Thus, easy-surface anisotropy determines the
maximal energy storage capacity, which is saturated when
winding texture energy [⇠A(D`')2] is comparable to K.

The charging and discharging e�ciencies may be used
to characterize the battery. In the vortex conducting
regime, we charge the battery relative to its ground state
by supplying a dc electric current I0 for duration ⌧ . By
tuning Rv, we can switch to the vortex insulating regime
to store the energy in the winding capacitor. The charging
e�ciency ⌘c is the ratio of the stored energy to the total
energy supplied by the electric circuit. We extract the
stored energy by connecting the battery to a load resistor
RL, then switching back to the vortex conducting regime
to discharge. The discharging e�ciency ⌘d is the ratio of
energy consumed by RL to the energy leaving the winding
capacitor.
Neglecting the self-inductance L, the e�ciencies are

⌘c =
1

2

(1� e�1)2

Zv
�1 + e�1

, ⌘d =
1� �

1 + (Zv�)�1
, (12)

written with � = RL/(RL+R) and Zv ⌘ ⇠/(1�⇠), where
⇠ = R2/RRv. Here, we define the charge-vortex figure
of merit Zv by analogy to the thermoelectric figure of
merit ZT [68–70]. Whereas for the thermoelectric e↵ect,
heat and charge currents are coupled, in this setting, we
cross-couple vortex and electric currents. Since Zv is a
monotonic function of ⇠, optimizing the system geometry
to maximize ⇠ ⇠ adw�2

F sin4 ✓ cos ✓/hr3� maximizes Zv

and, hence, the e�ciencies. Here, d is the electron mean
free path and a is the lattice spacing. Zv is improved by
decreasing r, thinning the membrane and the metal wire
by decreasing � and h, or enlarging the metal-magnet
interface by increasing w. The optimal helix angle is ✓ ⇡
63�, which balances maximizing Iv and minimizing energy
lost due to Joule heating. In the maximal e�ciency limit,
Zv ! 1, the e�ciencies simplify to ⌘c = (e� 1)2/2e and
⌘d = 1� � for (dis)charging times of t = ⌧ . Furthermore,
in the short charging time limit of t/⌧ ! 0, while still
having Zv ! 1, the charging e�ciency saturates as
⌘c ! 1.

Higher-dimensional generalization.—Topological hydro-
dynamics may be formulated using di↵erential forms for
static manifolds and is extendable to higher dimensions.
For an n-dimensional orientable manifold, the integral of
an (n� 1)-form ⇢̃w over the (n� 1)-dimensional bound-
ary of a patch of the manifold is conserved. The density
n-form ⇢̃v and the flux 1-form j̃v are derived from ⇢̃w
by invoking Stokes’ theorem. We define ⇢̃v as the exte-
rior derivative of ⇢̃w, yielding ⇢̃v = d⇢̃w. Applying the
Hodge star map [36, 58] and taking the time derivative of
both sides, ⇢̃v = d⇢̃w is recast as the continuity equation
?@t⇢̃v + ?d ? j̃v = 0, where j̃v = (�1)n ? @t⇢̃w. Returning
to the 2-dimensional membrane, Q in Eq. (5) is written

the effective dimensionless parameter, which is 
thermodynamically bounded to [0,1], is formally 
analogous to the thermoelectric figure of merit ZT

• electric current along the spiral drives 
vorticity flow along the cylinder axis, thus 
building up uniform transverse winding 

• note an analogy with CISS (chirality-
induced spin selectivity)
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electron-vortex 
“cooperativity”

<latexit sha1_base64="J3ZXNgT8y8T9rP7ixdcNLbRjhkk=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwVZPia+Gi4MZlLX1BE8tkOmmHTjLDzKRYQldu/BU3LhRx6ze482+ctFlo64ELh3Pu5d57fE6JVLb9beSWlldW1/LrhY3Nre0dc3evKVksEG4gRplo+1BiSiLcUERR3OYCw9CnuOUPb1K/NcJCEhbV1ZhjL4T9iAQEQaWlrnnoPhCXC8YVc0OoBoGAw6Q+uS+f1mrdUdcs2iV7CmuROBkpggzVrvnl9hiKQxwpRKGUHcfmykugUARRPCm4scQcoiHs446mEQyx9JLpGxPrWCs9K2BCV6Ssqfp7IoGhlOPQ153pqXLeS8X/vE6sgisvIRGPFY7QbFEQU0sxK83E6hGBkaJjTSASRN9qoQEUECmdXEGH4My/vEia5ZJzUTq/OytWrrM48uAAHIET4IBLUAG3oAoaAIFH8AxewZvxZLwY78bHrDVnZDP74A+Mzx+tEJk8</latexit>

⇠ / T2/RRv

2

The “electric” component, F0i, vanishes for static mem-
branes. The “magnetic” component, Fij , relates to the
Gaussian curvature K by K = ✏0ijFij/2

p
g. Here, g is

the determinant of the metric and the Levi-Civita tensor
convention is ✏012 = 1. Note, we make a convention in
which Greek indices µ = 0, 1, 2 $ t, ⇠1, ⇠2 label space-
time coordinates and Latin indices i = 1, 2 $ ⇠1, ⇠2 label
spatial coordinates, while repeated indices are summed
over.

We assume the magnetic texture is described by a con-
tinuum coarse-grained vector field m(t, ⇠1, ⇠2) realizing
the map M 7! R3 at all times t. This description holds
over a broad temperature range, from order to disorder.
In the low-temperature (locally) ordered phase, m is nor-
malized by its T = 0 value and the membrane can be
either ferromagnetic or antiferromagnetic. m is the local
spin density in the former case, whereas in the latter
case, m is the local Néel order. In the high-temperature
paramagnetic regime, m may fluctuate in both magnitude
and direction. Irrespective of any local fluctuations of m
or dynamics of M, the field m exhibits topological hydro-
dynamics governed by the continuity equation @µJ µ = 0,
where

J µ =
✏µ⌫⇢

2⇡


n · (r⌫m⇥r⇢m)� 1

2
F⌫⇢m

2
k

�
, (3)

written using the covariant derivative of m

rµm ⌘ (@µm
a)ea �Aµ(n⇥m), (4)

which is gauge-invariant. Here, mk is the projection
of m onto the local tangent plane. J µ = (J 0,J ) is
the vorticity 3-current, where J 0 is the vorticity density
and J is the vorticity flux. Furthermore, J µ is gauge-
invariant under “small” gauge transformations which
preserve the smoothness of Aµ so that the covariant
derivative is well-defined [50, 53, 54]. In the absence
of curvature and membrane dynamics, the frame can
be made constant and the vorticity 3-current reduces to
J µ = ✏µ⌫⇢n · (@⌫m⇥ @⇢m)/2⇡ [20, 22].

The continuity equation is rooted in topology and is not
derived from Noether’s theorem, so it is immune to any
structural imperfections or anisotropies. The behavior of
the system, on the other hand, will be highly sensitive to
these details [3, 55]. In this work, we will focus on systems
in which magnetic vorticity may be the natural transport
quantity. We consider magnetic membranes with easy-
surface anisotropy, i.e. there is a hard anisotropy axis
collinear with the surface normal [41, 56], that endows
the magnetic texture with an XY character [3, 57].

Gauge-invariant topological charge.—To construct the
gauge-invariant vortex charge, the starting point is to
construct the magnetic winding. For flat magnetic films, it
is known that the winding along a curve is m2

k@`'/2⇡ [20,

22, 27], with ` the arclength. Following this structure, the
winding on curved membranes generalizes to the covariant

winding m2
kDi'/2⇡ ⌘ m2

k(@i'�Ai)/2⇡, which is gauge-

invariant. Here, ' is the polar in-(tangent)-plane angle
of mk relative to e1. For ' to be well-defined, we require
|mk| > 0 everywhere on M, except for isolated points.
Invoking the generalized Stokes’ theorem [36, 58], the
gauge-invariant topological charge on a patch S is

Q =
1

2⇡

Z

@S
d⇠i m2

kDi' =

Z

S
d⇠1d⇠2J 0. (5)

We see that the integrated winding around the boundary
@S equals the vorticity density integrated over S. In
fact, we construct the conserved density J 0 by taking the
exterior derivative of the winding 1-form in the leftmost
integral. We articulate this construction later in the text
and in the Supplemental Material [59].

Even when specializing to the strong easy-surface limit
where |mk| = 1, Q is noninteger-valued if M has nonzero
Gaussian curvature. In this limit, Q can be evaluated for a
patch S homeomorphic to a disk (upon choosing a smooth
gauge) to be N �

R
S dSK/2⇡. This is the di↵erence of an

integer N which counts the number of vortices on S and
a geometric background o↵set that spoils the discreteness
of Q. N is the S1 winding number connecting Q to its
homotopic roots.
Torsion-enabled pumping of vorticity.—Having estab-

lished a conserved topological charge, we now wish to
control it. Suppose we wrap a magnetic membrane with
a metallic wire parameterized by unit tangent vector v(`),
with ` the arclength, and induce electric current flow
in the wire. Following the approach developed in Refs.
[20, 22], we construct a torque acting on a smooth mag-
netic texture, which energetically biases vorticity injection
transverse to the wire, as depicted in the inset of Fig. 1.
To enable this process, we use the local torsion of the wire,
T(`) = v · (a⇥ @`a), to geometrically reduce symmetries
[58]. The torsion is the helical winding of the principal
normal vector a(`) = @`v/|@`v| along the wire. Notably,
torsion is a pseudoscalar, meaning Tn is a pseudovector
with identical spatial properties to magnetization. In
this scheme, the role Tn plays in reducing symmetries is
analogous to that of magnetization M in Refs. [20, 22].
The torque, which must be gauge-invariant, is con-

structed on general symmetry grounds so that the work
done on the magnetic texture is proportional to the vor-
ticity flow across the wire. Focusing, for simplicity, on
the low-temperature limit where |m| = 1, a torque (per
unit length) satisfying these constraints is

⌧ =
⇣j

⇡
(Tn ·m) [r`m+ n @`(n ·m)] . (6)

Here, j is the electric current density, and ⇣ is a phe-
nomenological parameter characterizing the geometry-
enabled dissipative coupling of electric and vortex dynam-
ics. Importantly, this torque is only permitted in the
presence of spin-orbit coupling. This reminds us of the

-  (pseudoscalar) “torsion of a curve” (electrical wire), which can effectively (from the 
symmetry point of view) convert the local geometric normal to the surface into an 
out-of-plane magnetization
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• Bacterial motility: ability to swim using metabolic energy 

• Each single flagellum (helical appendage) has a rotary motor at the base that 
can turn clock- or anticlockwise 

• Small Reynolds number: Viscosity-dominated hydrodynamics; thus, continuous 
transduction of chemical into mechanical energy

Some inspiration from existing storage technologies and the nature



Switching gears: Let us utilize macroscopic coherence and nonlinearity

• Linear (weak-texture) 1D spin-superfluid dynamics have a purely hydrodynamic character 
with no aspects of coherence 

• In the nonlinear regime, the (Landau-type) superflow instability is sensitive to interference in 
the loop geometry, on the lengthscale set by the coherence (i.e., healing) length

YT and Kläui, PRL (2017)

Superfluid Spin Transport Through Easy-Plane Ferromagnetic Insulators
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Superfluid spin transport—dissipationless transport of spin—is theoretically studied in a ferromagnetic
insulatorwith easy-plane anisotropy.We consider an open geometrywhere the spin current is injected into the
ferromagnet from one side by a metallic reservoir with a nonequilibrium spin accumulation and ejected into
another metallic reservoir located downstream. Spin transport is studied using a combination of magneto-
electric circuit theory, Landau-Lifshitz-Gilbert phenomenology, and microscopic linear-response theory. We
discuss how spin superfluidity can be probed in a magnetically mediated negative electron-drag experiment.

DOI: 10.1103/PhysRevLett.112.227201 PACS numbers: 75.76.+j, 75.70.Ak, 75.78.-n, 85.75.-d

Introduction.—An important goal in the field of spin-
tronics is to understand how spin, a quantum-mechanical unit
of magnetism, can be exploited for information transport,
data storage, and processing.While conventional spintronics
[1] relying solely on conduction electrons in metals and
semiconductors as carriers of spins still faces difficulties
associated with fast spin relaxation and significant Joule
heating, a promising alternative that combines conventional
spintronics with coherent spin-wave dynamics in magnetic
insulators has recently emerged [2]. Magnetic insulators can
also transport spin informationviamagnons [3], the quantum
of spin waves that also carries a unit of angular momentum.
This emerging field of magnon spintronics may alleviate the
obstacles present within the conventional schemes. The
possibility to investigate spin transport inmagnetic insulators
also opens a new venue for their experimental probes.
Integrating magnetic insulators into spintronic devices

raises interesting possibilities that stem from the bosonic
nature of the spin-carrying magnons. These magnons
can form a Bose-Einstein condensate, which has been
observed in some magnetic insulators including TlCuCl3
[4], Cs2CuCl4 [5], and Y3Fe5O12 (YIG) films [6]. A closely
related phenomenon is superfluidity, which is another
general property of bosonic quantum matter at low temper-
atures. In magnetic systems, this raises the possibility of
spin superfluidity, i.e., a dissipationless macroscopic trans-
port of spin [7]. In the past, the concept was used to explain
unusually fast spin relaxation in 3He-A [8] and invoked to
interpret the coherence of a nonuniformly precessing state
of 3He-B [9]. Spin superfluidity has also been studied in
Bose-condensed excitonic fluids [10]. While the absence of
strict conservation laws for spin rules out faithful analogy
to conventional mass superfluidity [11], it was demon-
strated that the analogy can still be useful if the violation of
conservation law is weak [10]. The generation of dissipa-
tionless spin current has received attention in the past in
metallic systems with noncollinear magnetic order [12],
p-doped semiconductors [13], and two-dimensional
electron systems with Rashba spin-orbit coupling [14].

In this Letter, we theoretically investigate how superfluid
spin transport can be realized and detected in magnetic-
insulator-based hybrid structures. The notion of superfluid
spin transport here is closely related to Ref. [12]. In this
Letter, we focus on the pertinent spin-transfer physics at the
ferromagnetjmetal interfaces (including thermally activated
spin currents), which is related to well-established and
independentlymeasurable quantities such as the spin-mixing
conductance and the spin Hall angle. We identify the
importance of global magnetic precession and the associated
relaxation of spin superfluid by Gilbert damping.
Specifically, we consider a ferromagnetic insulator with
easy-plane anisotropy attached on the two sides by metallic
reservoirs that act as the source and the drain for spin current
(see Fig. 1). In an open geometry, superfluid spin transport is
achieved by maintaining a spiral magnetic texture in the
ferromagnet, along with a self-consistent magnetic preces-
sion within the easy plane through a steady injection of
angular momentum at the source and its depletion by spin

(a)

(b)

FIG. 1 (color online). (a) Schematic of the hybrid structure for
realizing spin superfluidity. (b) A schematic plot showing the
spatial distribution of the condensate and thermal contributions to
the spin currents in the presence of Gilbert damping. See text for a
detailed discussion.
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{'(x), ⇢(z)s (x0)} = �(x� x0)

Poisson bracket in full analogy with superconductivity

length of the channel. Balancing the spin flow at the
boundaries (assuming the same spin conductances g) with
the net Gilbert-damping loss αωl, we obtain ω ¼ μs=
ð2þ αl=gÞ. In the loop geometry of Fig. 1(b), where
one may anticipate interference features, the steady-state
frequency is instead given by a similar expression as above,
only replacing l → ~l ¼ l1 þ l2, i.e., with the total circum-
ference of the circuit. Since the output spin current is given
by gω, it does not depend on the spin texture ∂aφ and the
associated stiffness A for low excitations.
As the input bias μs is increased and the order-parameter

winding ∂aφ is progressively stepped up in response,
however, it will develop inhomogeneously along the loop
branches. While it has no consequence for the transmitted
signal in the linear response, it will have an effect on the
Landau-like criterion for the superflow stability [11]. In
particular, we may anticipate a larger critical current to
correspond to a more uniform distribution of the flow
along the two branches in the geometry of Fig. 1(b). This
condition, in turn, is sensitive to the interference of the two
spin supercurrents, which can be controlled by the relative
lengths of the two branches, in units of the respective
coherence lengths. The nonlinear spin transport through the
multiply connected circuits can thus be controlled geomet-
rically as well as by gating relevant magnetic properties
along the lengths of the spin conduits. This will provide the
basis for logic functionality as detailed later.
We next study collective nonlinear dynamics and spin

transport in a (ferro)magnetic insulator, within the Landau-
Lifshitz-Gilbert (LLG) phenomenology [15] for bulk
dynamics and the spin Hall phenomenology [16] for the
spin injection and detection at the boundaries. After briefly
summarizing the pertinent equations, we will study the
stability of spin superflow in the geometries of Fig. 1, with

a focus on the loop geometry that will yield interference
and allow for logic functionality.
LLG theory of the nonlinear spin transport.—The

(nonlinear) LLG dynamics in the (insulating) bulk,

sð1þ αn×Þ _n ¼ δnF × nþ τ; ð1Þ

is constructed in terms of the free-energy functional

F½n& ¼
Z

d3r½Að∂inÞ2 þ Kn2z &=2: ð2Þ

τ here stands for any applied spin torques, s is the
equilibrium spin density, and K > 0 is the superfluidity-
stabilizing [11] easy-plane anisotropy. The order parameter
undergoes directional dynamics constrained by jnj≡ 1. We
can rewrite Eq. (1) as a hydrodynamic continuity equation:

sð1þ αn×Þ _n ¼ −∂iji þ Knzz × nþ τ; ð3Þ

where ji ≡ −An × ∂in is recognized to be the spin flow in
the ith direction.
For the boundary conditions, attaching a heavy metal

with the interface area S and normal k results in the spin-
injection current density (i.e., torque per unit area)

js ¼ jðSHÞs − jðpumpÞ
s ¼ ϑn × ðk × jÞ × n − gn × _n →

δτ
δS

;

ð4Þ

where j is the electrical current density applied to the metal.
ϑ≡ ðℏ=2eÞ tan θSH, in terms of the effective spin Hall angle
θSH, and g≡ ðℏ=4πÞg↑↓, in terms of the effective spin-
mixing conductance (per unit area) g↑↓, both including the
interplays of the spin Hall and spin-pumping injection,
reflection, and backflow of electron spins in the metal. We
are keeping here only the leading-order in spin-orbit
interaction effects [16]. We will henceforth set k → x
and j → jy, so that k × j → jz. The same metal can be
used for detecting magnetic dynamics, according to the
Onsager-reciprocal spin-motive force [16]:

ϵ ¼ ϑðn × _nÞ × k ¼ ϑjðpumpÞ
s × k=g; ð5Þ

which, in a closed circuit, would induce the current density
j ¼ σϵ=d, where σ is the metal film’s conductivity and d its
thickness.
Let us parametrize nðθ;φÞ by the polar angle θ and the

azimuthal angle φ. Let ðn; θ;φÞ be the local (right-handed)
coordinate system, such that

∂in ¼ θ∂iθ þ φ∂iφ sin θ: ð6Þ

It then follows that

(a)

(b)

FIG. 1. Hydrodynamic spin transport in linear response.
(a) Single channel of length l collectively transmitting spin
current ∝ ∂aφ, which is injected on the right at the rate ∝ μs.
Spin pumping ∝ ∂tφ ejects spin currents at both ends, and along
the length of the conduits Gilbert damping α leads to an
attenuation. (b) Superposition of two similar spin flows in a
loop geometry composed of two branches of lengths l1ð2Þ. φ here
is the azimuthal angle of easy-plane magnetic dynamics.
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Nonlinearities are enhanced by introducing weak links
2

FIG. 2. The blue part is the quasi-1D easy-plane ferromag-
netic insulator with length L, width w ⌧ L and height h ⌧ L.
The yellow part is a weak link modelled as a Josephson junc-
tion (JJ) and joins the 1D chain into a ring. The electric
charge Q inside the ring produces in-plane electric fields at
the radial direction en. The electric field induces an e↵ective
gauge field aE along the ring, which results in an equilibrium
state with winding �'. The green part is a heavy metal,
which can enhance the DMI strength.

by the following free energy:

F =

Z L

0
d`


A

2
(@`n)

2 +
K

2
n
2
z �D · (n⇥ @`n)

�

� FJn(0) · n(L),

(1)

where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
': n = (

p
1� n2

z cos',
p

1� n2
z sin', nz). The spin-

superfluid density corresponds to 1� n
2
z. Expanding the

free energy from Eq. (1) with respect to nz, we obtain,
up to a constant:

F =

Z L

0
d`


A

2
(@`'� aE)

2 +
K

2
n
2
z

�

� FJ cos ('L � '0),

(2)

where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
p

A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the

total winding �' ⌘
R L
0 d` @`' = 'L � '0 and the accu-

mulated Aharonov-Casher phase

�E ⌘

Z L

0
d` aE = 2⇡

H
d` en ·E

�0
E

, (7)

which is given by the dimensionless radial electric flux
through the ring in units of the electric flux quantum
�0

E = 2⇡~c/g̃µB (in Gaussian units), where µB is the Bohr
magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.

• Phase slips in the weak link are a hallmark of Josephson junction physics and functionalities 

• The dynamics in the magnetic ring, away from the weak link should be well-described by the 
well-controlled low-energy (spin-superfluid) hydrodynamics 

• The (macroscopic) coherent structure of the superflow is manifested via the spin current 
flowing through the weak link, which is sensitive to the net radial electric field flux through 
the loop, opening prospects for electric-field sensing

key nonlinearities are associated with 
the Josephson junction dynamics

Zhu, Kleinherbers, Levitov, and YT, PRB (2025)



A proposal for spin rf SQUID for electric-field sensing

• The gauge field, rooted microscopically in the electronic spin-orbit interaction, is 
micromagnetically manifested as a Dzyaloshinski-Moriya interaction 

• Electric-field detection is proposed as a dual to the magnetic field detection in a 
superconducting rf SQUID 

• The rf SQUID modality of the device is focusing on its (nonlinear) microwave characteristics, 
without a need for depositing electrical contacts for spin injection or detection

rf SQUID with a single 
Josephson junction

Zhu, Kleinherbers, Levitov, and YT, PRB (2025)

Proposal for Spin-Superfluid Quantum Interference Device
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In easy-plane magnets, the spin-superfluid phase was predicted to facilitate coherent spin transport.
So far, experimental evidence remains elusive. In this letter, we propose an indirect way to sense
this e↵ect via the spin-superfluid quantum interference device (spin SQUID) — inspired by its
superconducting counterpart (rf SQUID). The spin SQUID is constructed as a quasi-one-dimensional
(1D) magnetic ring with a single Josephson weak link, functioning as an isolated device with a
microwave response. The spin current is controlled by an in-plane electric field through Dzyaloshinskii-
Moriya interaction. This interaction can be interpreted as a gauge field that couples to the spin
supercurrent through the Aharonov-Casher e↵ect. By investigating the static and dynamic properties
of the device, we show that the spin current and the harmonic frequencies of the spin superfluid are
periodic with respect to the accumulated Aharonov-Casher phase and are, therefore, sensitive to
the radial electric flux through the ring in units of the electric flux quantum, suggesting a potential
electric-field sensing functionality. For readout, we propose to apply spectroscopic analysis to detect
the frequency of the harmonic modes.

Introduction.—Spin superfluidity refers to the coherent
spin transport that is mediated by topologically stable
textures in easy-plane magnetic insulators [1]. Analogous
to conventional superfluids or superconductors, the spin
superfluid is characterized by an approximate U(1) order
parameter describing the in-plane spin configuration [2].
If the order parameter winds up, the magnetic insulator
sustains a nondissipative spin current [3]. In a ring struc-
ture, such a spin current is topologically protected and can
unwind only via phase slips [4]. This e↵ect can be found
in both easy-plane ferromagnetic and antiferromagnetic
systems [2, 5].

In a quantum-interference device, the topological na-
ture of the superfluid phase winding in a ring structure
is utilized to precisely measure externally applied fields
that couple to the superflow. For example, in the su-
perfluid helium quantum interference device (SHeQUID),
the phase of superfluid Helium can sense the rotation
of the earth [6]. Another, more prominent example [see
Fig. 1(a)] is the superconducting quantum interference
device (SQUID), where the charge supercurrent of Cooper
pairs accumulates the Aharonov-Bohm phase, which is
sensitive to the magnetic flux �B through the ring in units
of the magnetic flux quantum [7]. In this Letter, we are
interested in a dual version of this device [see Fig. 1(b)],
termed the spin superfluid quantum interference device
(spin SQUID), where the spin current accumulates the
Aharonov-Casher phase, which is sensitive to the radial
electric flux �E through the ring in units of the electric
flux quantum [8, 9].

For a basic spin SQUID, we propose a quasi-1D ring
structure with a single weak link, akin to the rf SQUID,
see Fig. 1(b). The ring (blue) is made of an easy-plane
ferromagnetic insulator, and the weak link (yellow) with
Heisenberg exchange coupling mimics a Josephson junc-
tion (JJ). For simplicity, we choose a closed device with

FIG. 1. (a) A superconducting ring (blue part) with a Joseph-
son junction (yellow part), where the charge supercurrent jq
circulating in the ring is sensitive to the magnetic field B via
the axial magnetic flux �B =

R
dS ez · B through the area

enclosed by the ring. (b) A spin-superfluid ring (blue part)
with a weak-exchange link (yellow part), carrying a circulating
spin current js with spin in ez direction is sensitive to the
electric field E via the radial electric flux �E =

H
d` en · E

through the ring.

focus on microwave response. In contrast, an open device,
akin to the dc SQUID, would require contacts for injection
and detection of spin current. Instead of reading out the
low-frequency behavior of the adiabatic dynamics of the
stationary state (as in the rf SQUID [10]), we propose
to resonantly readout the first harmonic spin wave mode
close a to a phase slip transition. Apart from SQUID-like
functionality, this allows the indirect demonstration of
spin superfluidity. In particular, the spin SQUID could
serve as an electric field detector, where the sensitivity
can be tuned by the spin-orbit coupling strength.

Model.—The spin SQUID shown in Fig. 2 is described
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Basic energetics and dynamics of an rf spin SQUID
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FIG. 2. The blue part is the quasi-1D easy-plane ferromag-
netic insulator with length L, width w ⌧ L and height h ⌧ L.
The yellow part is a weak link modelled as a Josephson junc-
tion (JJ) and joins the 1D chain into a ring. The electric
charge Q inside the ring produces in-plane electric fields at
the radial direction en. The electric field induces an e↵ective
gauge field aE along the ring, which results in an equilibrium
state with winding �'. The green part is a heavy metal,
which can enhance the DMI strength.

by the following free energy:

F =

Z L

0
d`


A

2
(@`n)

2 +
K

2
n
2
z �D · (n⇥ @`n)

�

� FJn(0) · n(L),

(1)

where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
': n = (

p
1� n2

z cos',
p

1� n2
z sin', nz). The spin-

superfluid density corresponds to 1� n
2
z. Expanding the

free energy from Eq. (1) with respect to nz, we obtain,
up to a constant:

F =

Z L

0
d`


A

2
(@`'� aE)

2 +
K

2
n
2
z

�

� FJ cos ('L � '0),

(2)

where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
p

A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the

total winding �' ⌘
R L
0 d` @`' = 'L � '0 and the accu-

mulated Aharonov-Casher phase

�E ⌘

Z L

0
d` aE = 2⇡

H
d` en ·E

�0
E

, (7)

which is given by the dimensionless radial electric flux
through the ring in units of the electric flux quantum
�0

E = 2⇡~c/g̃µB (in Gaussian units), where µB is the Bohr
magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.
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tion (JJ) and joins the 1D chain into a ring. The electric
charge Q inside the ring produces in-plane electric fields at
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where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
': n = (

p
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z cos',
p

1� n2
z sin', nz). The spin-

superfluid density corresponds to 1� n
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z. Expanding the

free energy from Eq. (1) with respect to nz, we obtain,
up to a constant:
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where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
p

A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the

total winding �' ⌘
R L
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mulated Aharonov-Casher phase
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which is given by the dimensionless radial electric flux
through the ring in units of the electric flux quantum
�0

E = 2⇡~c/g̃µB (in Gaussian units), where µB is the Bohr
magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.
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where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
': n = (
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1� n2

z cos',
p

1� n2
z sin', nz). The spin-

superfluid density corresponds to 1� n
2
z. Expanding the

free energy from Eq. (1) with respect to nz, we obtain,
up to a constant:
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where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
p

A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the

total winding �' ⌘
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0 d` @`' = 'L � '0 and the accu-

mulated Aharonov-Casher phase
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which is given by the dimensionless radial electric flux
through the ring in units of the electric flux quantum
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E = 2⇡~c/g̃µB (in Gaussian units), where µB is the Bohr
magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.

free energy functional to be fed into the LLG formalism:
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where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
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where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
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A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the
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magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.
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FIG. 3. (a) Relationship between the winding �' of stationary states and the accumulated phase �E for di↵erent �. (b) Free
energy F as a function of �' for di↵erent values of �E when � = 4. In both (a) and (b), we indicate with red dots the ground
state for �E = 0 (configuration A), the ground state for �E = ⇡ (B), beyond which the state becomes metastable, as well as the
phase slip (from C to C

0), which is triggered at the critical flux �E = �
c
E .

For the stationary state, the boundary condition (6)
becomes:

0 = �'� �E + � sin�', (8)

where the ratio � ⌘
FJL
A is a crucial parameter that

characterizes the nonlinear behavior of the spin SQUID.

It can be estimated as � ⇠
|J̃|
J

L
a , where J̃ is the exchange

coupling at the JJ, J is the bulk exchange coupling and
a is the lattice constant. Despite the requirement J̃ ⌧ J

for a nonlinear weak link, � can be of O(1) for systems
with L � a.

The solution �'(�E) of Eq. (8) is shown in Fig. 3(a).
For su�ciently weak coupling, |�| ⌧ 1, the total winding
�' of the spin SQUID changes approximately linearly
with the electric flux �E . For |�| > 1, the relationship
between the winding �' and the electric flux �E be-
comes both nonlinear and multivalued, which enables
phase slips. In Fig. 3(b), we visualize the evolution of a
stationary state and the phase slip using the free energy
F(��) for di↵erent values of the electric flux �E , where
configuration A is the ground state when �E = 0, B

is one of the two ground states at �E = ⇡ [24], which
will become metastable if �E is further increased, and
C ! C

0 presents the phase slip from the saddle point to
the ground state when �E reaches the critical flux �

c
E

determined via @�E�' ! 1.
It is insightful to rewrite Eq. (8) as Lindjs = ��'+�E ,

where we introduced the e↵ective inductance Lind. This
equation is formally identical to that for the rf SQUID [10],
see Fig. 1(a), after replacing the electric by the magnetic
flux and the spin by the charge current. For the rf SQUID,
the e↵ective inductance has two contributions, Lind =
Lk+Lg, where the kinetic inductance Lk stores energy in
the kinetic inertia of the supercurrent and the geometric
inductance Lg stores energy in the generated magnetic
field [25]. For the spin SQUID, we have considered so

far only the kinetic contribution Lk = L/A that stores
energy in the exchange interaction. However, we also
expect an analogue geometric contribution Lg that stores
energy in the electric field generated by the spin current.
In fact, we find that the spin current can be related to
an electric polarization, which generates an electric field.
The corresponding geometric inductance takes the form
Lg ⇠ �

2
L/wh, where w and h are the width and height

of the ring, see Fig. 2 [17].

Dynamic properties.—The nonlinearity of Eq. (8) makes
the spin SQUID sensitive to the electric flux �E , which can
be detected by the spin-wave modes on top of the wound-
up ground state. Since the stationary state has nz = 0
and j0 = �A (@`'0 � aE), the solution to the equations of
motion (3)-(4) can be expanded as: ' = '0(`) + �'(`, t),
where '0 is the stationary solution, and nz = �nz(`, t),
where �nz ⌧ �' ⌧ 1. This leads to the wave equation
for �' to linear order:

@
2
t �'+ 2�@t�'� v

2
@
2
` �' = 0, (9)

where we defined the velocity v =
p
KA/s and the dis-

sipation rate � = ↵K/2s. The resultant spectrum is
! = vk

p
1� (�/vk)2 � i�. For the first harmonic mode,

the wavelength is comparable with the system length
L, meaning k1L ⇠ ⇡. We want the quality factor of the
modes Q ⌘ Re(!)/ Im(!) � 1, so that the spin waves can
communicate between the two ends of the spin SQUID
before decaying. This requires �/vk1 ⇠ ↵L/�K ⌧ 1, and
the dispersion relation becomes: ! ' vk � i�. There-
fore, the Gilbert damping imposes a restriction on the
maximal value of the system size L. For example, with
↵ ⇠ 10�3 and �K ⇠ 100 a, the system size L/a should be
much smaller than 105. We assume that the constraint is
satisfied, and ignore the Gilbert damping ↵ from now on.

The boundary condition of the wave equation (9) can

the key dimensionless parameter that characterizes nonlinear 
properties and functionalities of the rf SQUID

superfluid bulk dynamics:

JJ boundary condition (spin-current continuity):

DMI:
<latexit sha1_base64="xaMlT9a5A6pSq60b8R91qBGW6EA="></latexit>
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FIG. 2. The blue part is the quasi-1D easy-plane ferromag-
netic insulator with length L, width w ⌧ L and height h ⌧ L.
The yellow part is a weak link modelled as a Josephson junc-
tion (JJ) and joins the 1D chain into a ring. The electric
charge Q inside the ring produces in-plane electric fields at
the radial direction en. The electric field induces an e↵ective
gauge field aE along the ring, which results in an equilibrium
state with winding �'. The green part is a heavy metal,
which can enhance the DMI strength.

by the following free energy:

F =

Z L

0
d`


A

2
(@`n)

2 +
K

2
n
2
z �D · (n⇥ @`n)

�

� FJn(0) · n(L),

(1)

where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
': n = (

p
1� n2

z cos',
p

1� n2
z sin', nz). The spin-

superfluid density corresponds to 1� n
2
z. Expanding the

free energy from Eq. (1) with respect to nz, we obtain,
up to a constant:

F =

Z L

0
d`


A

2
(@`'� aE)

2 +
K

2
n
2
z

�

� FJ cos ('L � '0),

(2)

where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
p

A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the

total winding �' ⌘
R L
0 d` @`' = 'L � '0 and the accu-

mulated Aharonov-Casher phase

�E ⌘

Z L

0
d` aE = 2⇡

H
d` en ·E

�0
E

, (7)

which is given by the dimensionless radial electric flux
through the ring in units of the electric flux quantum
�0

E = 2⇡~c/g̃µB (in Gaussian units), where µB is the Bohr
magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.

canonical Poisson bracket
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Microscopics: The (Aharonov-Casher) gauge field

• Microscopically, a (linear in momentum) Pauli/Rashba interaction couples 
electric field to spin current

Proposal for Spin-Superfluid Quantum Interference Device

Yanyan Zhu,1 Eric Kleinherbers,1 Leonid Levitov,2 and Yaroslav Tserkovnyak1
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In easy-plane magnets, the spin-superfluid phase was predicted to facilitate coherent spin transport.
So far, experimental evidence remains elusive. In this letter, we propose an indirect way to sense
this e↵ect via the spin-superfluid quantum interference device (spin SQUID) — inspired by its
superconducting counterpart (rf SQUID). The spin SQUID is constructed as a quasi-one-dimensional
(1D) magnetic ring with a single Josephson weak link, functioning as an isolated device with a
microwave response. The spin current is controlled by an in-plane electric field through Dzyaloshinskii-
Moriya interaction. This interaction can be interpreted as a gauge field that couples to the spin
supercurrent through the Aharonov-Casher e↵ect. By investigating the static and dynamic properties
of the device, we show that the spin current and the harmonic frequencies of the spin superfluid are
periodic with respect to the accumulated Aharonov-Casher phase and are, therefore, sensitive to
the radial electric flux through the ring in units of the electric flux quantum, suggesting a potential
electric-field sensing functionality. For readout, we propose to apply spectroscopic analysis to detect
the frequency of the harmonic modes.

Introduction.—Spin superfluidity refers to the coherent
spin transport that is mediated by topologically stable
textures in easy-plane magnetic insulators [1]. Analogous
to conventional superfluids or superconductors, the spin
superfluid is characterized by an approximate U(1) order
parameter describing the in-plane spin configuration [2].
If the order parameter winds up, the magnetic insulator
sustains a nondissipative spin current [3]. In a ring struc-
ture, such a spin current is topologically protected and can
unwind only via phase slips [4]. This e↵ect can be found
in both easy-plane ferromagnetic and antiferromagnetic
systems [2, 5].

In a quantum-interference device, the topological na-
ture of the superfluid phase winding in a ring structure
is utilized to precisely measure externally applied fields
that couple to the superflow. For example, in the su-
perfluid helium quantum interference device (SHeQUID),
the phase of superfluid Helium can sense the rotation
of the earth [6]. Another, more prominent example [see
Fig. 1(a)] is the superconducting quantum interference
device (SQUID), where the charge supercurrent of Cooper
pairs accumulates the Aharonov-Bohm phase, which is
sensitive to the magnetic flux �B through the ring in units
of the magnetic flux quantum [7]. In this Letter, we are
interested in a dual version of this device [see Fig. 1(b)],
termed the spin superfluid quantum interference device
(spin SQUID), where the spin current accumulates the
Aharonov-Casher phase, which is sensitive to the radial
electric flux �E through the ring in units of the electric
flux quantum [8, 9].

For a basic spin SQUID, we propose a quasi-1D ring
structure with a single weak link, akin to the rf SQUID,
see Fig. 1(b). The ring (blue) is made of an easy-plane
ferromagnetic insulator, and the weak link (yellow) with
Heisenberg exchange coupling mimics a Josephson junc-
tion (JJ). For simplicity, we choose a closed device with

FIG. 1. (a) A superconducting ring (blue part) with a Joseph-
son junction (yellow part), where the charge supercurrent jq
circulating in the ring is sensitive to the magnetic field B via
the axial magnetic flux �B =

R
dS ez · B through the area

enclosed by the ring. (b) A spin-superfluid ring (blue part)
with a weak-exchange link (yellow part), carrying a circulating
spin current js with spin in ez direction is sensitive to the
electric field E via the radial electric flux �E =

H
d` en · E

through the ring.

focus on microwave response. In contrast, an open device,
akin to the dc SQUID, would require contacts for injection
and detection of spin current. Instead of reading out the
low-frequency behavior of the adiabatic dynamics of the
stationary state (as in the rf SQUID [10]), we propose
to resonantly readout the first harmonic spin wave mode
close a to a phase slip transition. Apart from SQUID-like
functionality, this allows the indirect demonstration of
spin superfluidity. In particular, the spin SQUID could
serve as an electric field detector, where the sensitivity
can be tuned by the spin-orbit coupling strength.

Model.—The spin SQUID shown in Fig. 2 is described
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spin current 
coupled to electric field

non-Abelian gauge field
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@i ! @i � �(E⇥ ei)⇥ Dzyaloshinski-Moriya interaction

• At the micromagnetic level (via non-Abelian gauge transformation), this translates into a 
replacement of the order-parameter derivative in the exchange energy with the chiral derivative: 

• This also means that the spin current is proportional to an electric polarization: Produces electric 
field (analogously to electrical current in conventional SQUID producing magnetic field) - 
dynamic vs geometric inductance

Zhu, Kleinherbers, Levitov, and YT, PRB (2025)



Phase slips and electrical (Stark) frequency shifts
3

FIG. 3. (a) Relationship between the winding �' of stationary states and the accumulated phase �E for di↵erent �. (b) Free
energy F as a function of �' for di↵erent values of �E when � = 4. In both (a) and (b), we indicate with red dots the ground
state for �E = 0 (configuration A), the ground state for �E = ⇡ (B), beyond which the state becomes metastable, as well as the
phase slip (from C to C

0), which is triggered at the critical flux �E = �
c
E .

For the stationary state, the boundary condition (6)
becomes:

0 = �'� �E + � sin�', (8)

where the ratio � ⌘
FJL
A is a crucial parameter that

characterizes the nonlinear behavior of the spin SQUID.

It can be estimated as � ⇠
|J̃|
J

L
a , where J̃ is the exchange

coupling at the JJ, J is the bulk exchange coupling and
a is the lattice constant. Despite the requirement J̃ ⌧ J

for a nonlinear weak link, � can be of O(1) for systems
with L � a.

The solution �'(�E) of Eq. (8) is shown in Fig. 3(a).
For su�ciently weak coupling, |�| ⌧ 1, the total winding
�' of the spin SQUID changes approximately linearly
with the electric flux �E . For |�| > 1, the relationship
between the winding �' and the electric flux �E be-
comes both nonlinear and multivalued, which enables
phase slips. In Fig. 3(b), we visualize the evolution of a
stationary state and the phase slip using the free energy
F(��) for di↵erent values of the electric flux �E , where
configuration A is the ground state when �E = 0, B

is one of the two ground states at �E = ⇡ [24], which
will become metastable if �E is further increased, and
C ! C

0 presents the phase slip from the saddle point to
the ground state when �E reaches the critical flux �

c
E

determined via @�E�' ! 1.
It is insightful to rewrite Eq. (8) as Lindjs = ��'+�E ,

where we introduced the e↵ective inductance Lind. This
equation is formally identical to that for the rf SQUID [10],
see Fig. 1(a), after replacing the electric by the magnetic
flux and the spin by the charge current. For the rf SQUID,
the e↵ective inductance has two contributions, Lind =
Lk+Lg, where the kinetic inductance Lk stores energy in
the kinetic inertia of the supercurrent and the geometric
inductance Lg stores energy in the generated magnetic
field [25]. For the spin SQUID, we have considered so

far only the kinetic contribution Lk = L/A that stores
energy in the exchange interaction. However, we also
expect an analogue geometric contribution Lg that stores
energy in the electric field generated by the spin current.
In fact, we find that the spin current can be related to
an electric polarization, which generates an electric field.
The corresponding geometric inductance takes the form
Lg ⇠ �

2
L/wh, where w and h are the width and height

of the ring, see Fig. 2 [17].

Dynamic properties.—The nonlinearity of Eq. (8) makes
the spin SQUID sensitive to the electric flux �E , which can
be detected by the spin-wave modes on top of the wound-
up ground state. Since the stationary state has nz = 0
and j0 = �A (@`'0 � aE), the solution to the equations of
motion (3)-(4) can be expanded as: ' = '0(`) + �'(`, t),
where '0 is the stationary solution, and nz = �nz(`, t),
where �nz ⌧ �' ⌧ 1. This leads to the wave equation
for �' to linear order:

@
2
t �'+ 2�@t�'� v

2
@
2
` �' = 0, (9)

where we defined the velocity v =
p
KA/s and the dis-

sipation rate � = ↵K/2s. The resultant spectrum is
! = vk

p
1� (�/vk)2 � i�. For the first harmonic mode,

the wavelength is comparable with the system length
L, meaning k1L ⇠ ⇡. We want the quality factor of the
modes Q ⌘ Re(!)/ Im(!) � 1, so that the spin waves can
communicate between the two ends of the spin SQUID
before decaying. This requires �/vk1 ⇠ ↵L/�K ⌧ 1, and
the dispersion relation becomes: ! ' vk � i�. There-
fore, the Gilbert damping imposes a restriction on the
maximal value of the system size L. For example, with
↵ ⇠ 10�3 and �K ⇠ 100 a, the system size L/a should be
much smaller than 105. We assume that the constraint is
satisfied, and ignore the Gilbert damping ↵ from now on.

The boundary condition of the wave equation (9) can

4

FIG. 4. (a) Frequencies !n of the harmonic modes as a function of �̃ ⌘ � cos [�'(�E)] > �1. Orange lines represent the even
harmonic modes !2m; and blue lines represent the odd harmonic modes !2m�1 with m 2 N. (b) The first harmonic mode !1

as a function of the electric flux �E at � = 4. The solid lines represent the ground states and the dashed lines represent the
metastable states. Configurations A, B, C and C

0 have the same meaning as in Fig. 3, where C ! C
0 is the phase slip and the

region just before the phase slip is most sensitive to the flux change.

be obtained from Eq. (6), by plugging in the ansatz of '

� L@`�'|`=0 = �̃(�'L � �'0),

� L@`�'|`=L = �̃(�'L � �'0),
(10)

which describes the fluctuating spin current at the weak
link. Here, we define �̃ = � cos�', which is bounded
from below, �̃ � �1, where �̃ = �1 corresponds to the
phase slip transition at �c

E . The resulting eigenmodes are
even �'e / cos[ke(`� `0)] and odd �'o / sin[ko(`� `0)]
with respect to the center of the ring `0 = L/2, where the
wavenumbers ke,o � 0 are quantized via

tan (keL/2) = 0 and �̃ =
�koL/2

tan (koL/2)
. (11)

In Fig. 4(a), we show the associated frequencies !2m�1 =
vko and !2m = vke for m 2 N in blue and orange. The
frequencies of the even harmonic modes are given by

!2m = v
2m⇡

L
. (12)

Hence, the JJ is inoperative, because the motion of the
spins at the weak link is always in phase. For odd har-
monic modes, on the other hand, they are out of phase
and, therefore, sensitive to the JJ.

The frequencies close to �̃ = 0 can be linearized as

!2m�1 = v
(2m� 1)⇡

L
+

4v�̃

(2m� 1)⇡L
+O(�̃2). (13)

For small coupling strength � ! 0, the weak link energy is
negligible, recovering the result for open spin chains with
frequencies !n ! v n⇡/L. If the coupling is very strong
� ! 1, we get !n ! v 2n⇡/L with two-fold degeneracy,
consistent with the result for periodic spin chains.

We find that the frequency of the first harmonic mode
!1 is most sensitive to �̃, see Eq. (13) and Fig. 4(a). In

fact, close to the phase slip at �̃ = �1, we obtain

!1 ⇡
2v

L

q
3(1 + �̃), (14)

where the sensitivity @�̃!1 diverges as the phase slip is
approached. This can be used to sense the electric field.
By inserting the stationary state �'(�E) from Eq. (8),
we can obtain the relationship between the harmonic fre-
quency !1 and the electric flux �E , as shown in Fig. 4(b).
The highest sensitivity occurs when the stationary state
is prepared in the metastable region (between points B
and C) and approaches the phase slip point (C). This
can be done by cooling down the system to the ground
state (point A) first and then adiabatically increasing �E

so that the state becomes metastable. Also, we require a
reasonably large |�| > 1, which is feasible in practice, as

� = J̃
J

L
a can be of O(1) by going to large L. Therefore,

this first harmonic mode close to the phase slip transition
(�̃ ! �1) appears attractive for electric field sensing.

Spectroscopic readout.—In order to experimentally read-
out the frequency !1 of the first harmonic mode, we
propose to apply spectroscopic methods. For example,
using ferromagnetic resonance (FMR) by applying a mi-
crowave field and scanning its frequency, one can measure
the absorption spectrum of the spin SQUID at a certain
electric flux �E , and resolve the first harmonic mode !1

from the resonant frequency [26]. Then, we can obtain
the corresponding electric flux �E from Fig. 4(b) getting
information on the local in-plane electric field as well
as the charge distribution on submicron scale, as shown
in Fig. 2. The higher the Q-factor of !, the better the
sensitivity. We may also place nitrogen-vacancy (NV)
centers as a sensor to detect the harmonic modes via
relaxometry [27, 28].

Parasitic e↵ects.—Unlike the superfluidity of 4He or s-
wave superconductor with exact U(1) symmetry, the spin
superfluid can be compromised by parasitic anisotropies or

3

FIG. 3. (a) Relationship between the winding �' of stationary states and the accumulated phase �E for di↵erent �. (b) Free
energy F as a function of �' for di↵erent values of �E when � = 4. In both (a) and (b), we indicate with red dots the ground
state for �E = 0 (configuration A), the ground state for �E = ⇡ (B), beyond which the state becomes metastable, as well as the
phase slip (from C to C

0), which is triggered at the critical flux �E = �
c
E .

For the stationary state, the boundary condition (6)
becomes:

0 = �'� �E + � sin�', (8)

where the ratio � ⌘
FJL
A is a crucial parameter that

characterizes the nonlinear behavior of the spin SQUID.

It can be estimated as � ⇠
|J̃|
J

L
a , where J̃ is the exchange

coupling at the JJ, J is the bulk exchange coupling and
a is the lattice constant. Despite the requirement J̃ ⌧ J

for a nonlinear weak link, � can be of O(1) for systems
with L � a.

The solution �'(�E) of Eq. (8) is shown in Fig. 3(a).
For su�ciently weak coupling, |�| ⌧ 1, the total winding
�' of the spin SQUID changes approximately linearly
with the electric flux �E . For |�| > 1, the relationship
between the winding �' and the electric flux �E be-
comes both nonlinear and multivalued, which enables
phase slips. In Fig. 3(b), we visualize the evolution of a
stationary state and the phase slip using the free energy
F(��) for di↵erent values of the electric flux �E , where
configuration A is the ground state when �E = 0, B

is one of the two ground states at �E = ⇡ [24], which
will become metastable if �E is further increased, and
C ! C

0 presents the phase slip from the saddle point to
the ground state when �E reaches the critical flux �

c
E

determined via @�E�' ! 1.
It is insightful to rewrite Eq. (8) as Lindjs = ��'+�E ,

where we introduced the e↵ective inductance Lind. This
equation is formally identical to that for the rf SQUID [10],
see Fig. 1(a), after replacing the electric by the magnetic
flux and the spin by the charge current. For the rf SQUID,
the e↵ective inductance has two contributions, Lind =
Lk+Lg, where the kinetic inductance Lk stores energy in
the kinetic inertia of the supercurrent and the geometric
inductance Lg stores energy in the generated magnetic
field [25]. For the spin SQUID, we have considered so

far only the kinetic contribution Lk = L/A that stores
energy in the exchange interaction. However, we also
expect an analogue geometric contribution Lg that stores
energy in the electric field generated by the spin current.
In fact, we find that the spin current can be related to
an electric polarization, which generates an electric field.
The corresponding geometric inductance takes the form
Lg ⇠ �

2
L/wh, where w and h are the width and height

of the ring, see Fig. 2 [17].

Dynamic properties.—The nonlinearity of Eq. (8) makes
the spin SQUID sensitive to the electric flux �E , which can
be detected by the spin-wave modes on top of the wound-
up ground state. Since the stationary state has nz = 0
and j0 = �A (@`'0 � aE), the solution to the equations of
motion (3)-(4) can be expanded as: ' = '0(`) + �'(`, t),
where '0 is the stationary solution, and nz = �nz(`, t),
where �nz ⌧ �' ⌧ 1. This leads to the wave equation
for �' to linear order:

@
2
t �'+ 2�@t�'� v

2
@
2
` �' = 0, (9)

where we defined the velocity v =
p
KA/s and the dis-

sipation rate � = ↵K/2s. The resultant spectrum is
! = vk

p
1� (�/vk)2 � i�. For the first harmonic mode,

the wavelength is comparable with the system length
L, meaning k1L ⇠ ⇡. We want the quality factor of the
modes Q ⌘ Re(!)/ Im(!) � 1, so that the spin waves can
communicate between the two ends of the spin SQUID
before decaying. This requires �/vk1 ⇠ ↵L/�K ⌧ 1, and
the dispersion relation becomes: ! ' vk � i�. There-
fore, the Gilbert damping imposes a restriction on the
maximal value of the system size L. For example, with
↵ ⇠ 10�3 and �K ⇠ 100 a, the system size L/a should be
much smaller than 105. We assume that the constraint is
satisfied, and ignore the Gilbert damping ↵ from now on.

The boundary condition of the wave equation (9) can

JJ coupling strength
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In easy-plane magnets, the spin-superfluid phase was predicted to facilitate coherent spin transport.
So far, experimental evidence remains elusive. In this letter, we propose an indirect way to sense
this e↵ect via the spin-superfluid quantum interference device (spin SQUID) — inspired by its
superconducting counterpart (rf SQUID). The spin SQUID is constructed as a quasi-one-dimensional
(1D) magnetic ring with a single Josephson weak link, functioning as an isolated device with a
microwave response. The spin current is controlled by an in-plane electric field through Dzyaloshinskii-
Moriya interaction. This interaction can be interpreted as a gauge field that couples to the spin
supercurrent through the Aharonov-Casher e↵ect. By investigating the static and dynamic properties
of the device, we show that the spin current and the harmonic frequencies of the spin superfluid are
periodic with respect to the accumulated Aharonov-Casher phase and are, therefore, sensitive to
the radial electric flux through the ring in units of the electric flux quantum, suggesting a potential
electric-field sensing functionality. For readout, we propose to apply spectroscopic analysis to detect
the frequency of the harmonic modes.

Introduction.—Spin superfluidity refers to the coherent
spin transport that is mediated by topologically stable
textures in easy-plane magnetic insulators [1]. Analogous
to conventional superfluids or superconductors, the spin
superfluid is characterized by an approximate U(1) order
parameter describing the in-plane spin configuration [2].
If the order parameter winds up, the magnetic insulator
sustains a nondissipative spin current [3]. In a ring struc-
ture, such a spin current is topologically protected and can
unwind only via phase slips [4]. This e↵ect can be found
in both easy-plane ferromagnetic and antiferromagnetic
systems [2, 5].

In a quantum-interference device, the topological na-
ture of the superfluid phase winding in a ring structure
is utilized to precisely measure externally applied fields
that couple to the superflow. For example, in the su-
perfluid helium quantum interference device (SHeQUID),
the phase of superfluid Helium can sense the rotation
of the earth [6]. Another, more prominent example [see
Fig. 1(a)] is the superconducting quantum interference
device (SQUID), where the charge supercurrent of Cooper
pairs accumulates the Aharonov-Bohm phase, which is
sensitive to the magnetic flux �B through the ring in units
of the magnetic flux quantum [7]. In this Letter, we are
interested in a dual version of this device [see Fig. 1(b)],
termed the spin superfluid quantum interference device
(spin SQUID), where the spin current accumulates the
Aharonov-Casher phase, which is sensitive to the radial
electric flux �E through the ring in units of the electric
flux quantum [8, 9].

For a basic spin SQUID, we propose a quasi-1D ring
structure with a single weak link, akin to the rf SQUID,
see Fig. 1(b). The ring (blue) is made of an easy-plane
ferromagnetic insulator, and the weak link (yellow) with
Heisenberg exchange coupling mimics a Josephson junc-
tion (JJ). For simplicity, we choose a closed device with

FIG. 1. (a) A superconducting ring (blue part) with a Joseph-
son junction (yellow part), where the charge supercurrent jq
circulating in the ring is sensitive to the magnetic field B via
the axial magnetic flux �B =

R
dS ez · B through the area

enclosed by the ring. (b) A spin-superfluid ring (blue part)
with a weak-exchange link (yellow part), carrying a circulating
spin current js with spin in ez direction is sensitive to the
electric field E via the radial electric flux �E =

H
d` en · E

through the ring.

focus on microwave response. In contrast, an open device,
akin to the dc SQUID, would require contacts for injection
and detection of spin current. Instead of reading out the
low-frequency behavior of the adiabatic dynamics of the
stationary state (as in the rf SQUID [10]), we propose
to resonantly readout the first harmonic spin wave mode
close a to a phase slip transition. Apart from SQUID-like
functionality, this allows the indirect demonstration of
spin superfluidity. In particular, the spin SQUID could
serve as an electric field detector, where the sensitivity
can be tuned by the spin-orbit coupling strength.

Model.—The spin SQUID shown in Fig. 2 is described
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FIG. 2. The blue part is the quasi-1D easy-plane ferromag-
netic insulator with length L, width w ⌧ L and height h ⌧ L.
The yellow part is a weak link modelled as a Josephson junc-
tion (JJ) and joins the 1D chain into a ring. The electric
charge Q inside the ring produces in-plane electric fields at
the radial direction en. The electric field induces an e↵ective
gauge field aE along the ring, which results in an equilibrium
state with winding �'. The green part is a heavy metal,
which can enhance the DMI strength.

by the following free energy:

F =

Z L

0
d`


A

2
(@`n)

2 +
K

2
n
2
z �D · (n⇥ @`n)

�

� FJn(0) · n(L),

(1)

where n is the unit vector along the local spin direction.
The first line describes the quasi-1D bulk of the ferromag-
netic insulator [11] of length L with exchange sti↵ness A,
easy-plane anisotropy K and Dzyaloshinskii-Moriya inter-
action (DMI) D. The second line reflects the Heisenberg
exchange coupling across the weak link, corresponding
to an e↵ective JJ with energy FJ. The coupling can be
ferromagnetic (FJ > 0) or antiferromagnetic (FJ < 0),
which mimics ordinary and ⇡ Josephson junctions [12],
respectively. The DMI vector D = 2�A(E ⇥ e`) is in-
duced by the electric field [13–16], which locally breaks
the inversion symmetry [17]. The strength of the e↵ect
is determined by �, which is a phenomenological spin-
orbit parameter that depends on materials. In vacuum,
�vac = e/4mec

2, where �e is the electron charge, me is
the electron mass, and c is the speed of light. It can be
several orders of magnitude larger in crystals [18].

Equations of motion.—We focus on a ferromagnet with
strong easy-plane anisotropy, which possesses an approxi-
mate U(1) symmetry [2]. In this case, we can param-
eterize n by its z-component nz and in-plane phase
': n = (

p
1� n2

z cos',
p

1� n2
z sin', nz). The spin-

superfluid density corresponds to 1� n
2
z. Expanding the

free energy from Eq. (1) with respect to nz, we obtain,
up to a constant:

F =

Z L

0
d`


A

2
(@`'� aE)

2 +
K

2
n
2
z

�

� FJ cos ('L � '0),

(2)

where 'L ⌘ '(` = L) and '0 ⌘ '(` = 0) are the in-plane
angles at the weak link. To ensure the easy-plane limit,
we require that the length L of the ring is much larger

than the healing length �K =
p

A/K. In this limit, the
DMI acts as an e↵ective gauge field aE ⌘ 2�E · en that is
proportional to the radial electric field. The gauge field
can be spatially dependent, aE = aE(`), which allows a
deviation from cylindrical symmetry of the electric field E
and the structure of the device. The integrated gauge field
can also be interpreted as the Aharonov-Casher phase
acquired when the magnetic moment is moving in an
electric field.

The Landau criterion requires the winding length of the
in-plane phase 2⇡/|@`'| to be much larger than the healing
length �K , so that the spin current remains stable [4].
Since L � �K , this allows full windings, |@`'|L > 2⇡.
Since snz generates planar spin rotation, (', snz) is a

pair of conjugated variables [19] and satisfies the Poisson
bracket {'(`), snz(`0)} = �(`� `

0), where s is the linear
spin density. The equations of motion can be derived
from Hamilton’s equations [17]:

s@tnz + @`js = �↵s@t', (3)

s@t' = Knz. (4)

Eq. (3) is understood as the continuity equation for z
spin, with the bulk spin current

js = �A(@`'� aE), (5)

and a loss term due to Gilbert damping described by
the coe�cient ↵ [20]. Thus, the e↵ective gauge field aE

controls the spin current in the ferromagnet. Eq. (4)
provides the analogue to the ac Josephson relation, where
nz plays the role of voltage [21].
Boundary conditions can be established by enforcing

the continuity of the spin current at the weak link. At
the boundary, the spin current across the JJ is given
by jJ = FJ sin ('L � '0). Thus, the boundary condition
becomes js|`=0 = jJ and js|`=L = jJ:

�A(@`'� aE)|`=0 = FJ sin ('L � '0),

�A(@`'� aE)|`=L = FJ sin ('L � '0).
(6)

Equilibrium configuration.—First, we calculate the sta-
tionary states of the model by minimizing the free en-
ergy (2). We obtain nz = 0 and a constant spin current
js = �A (@`'� aE) ⌘ j0. After integrating along the
ring, we get j0L = �A (�'� �E), where we define the

total winding �' ⌘
R L
0 d` @`' = 'L � '0 and the accu-

mulated Aharonov-Casher phase

�E ⌘

Z L

0
d` aE = 2⇡

H
d` en ·E

�0
E

, (7)

which is given by the dimensionless radial electric flux
through the ring in units of the electric flux quantum
�0

E = 2⇡~c/g̃µB (in Gaussian units), where µB is the Bohr
magneton and ~ is the reduced Planck constant [22, 23].
Here, g̃ ⌘ 2�~c/µB is a dimensionless factor enhanced by
the spin-orbit coupling �. In vacuum, it reduces to g̃ = 1.

Aharonov-Casher phase (AB dual)

The state just before the phase slip (C) is most sensitive to the phase change

material-dependent 
flux quantum
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We can apply these ideas to unconventional superconductors without weak links
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We present the hydrodynamic equations of motion for spin-triplet superconductivity, in which the
superconductor can be understood as a charged ferrofluid. Due to the structure of the underlying
d-vector order parameter, the dynamics of the superconductor fulfill a topological constraint linking
the fluid vorticity to the magnetic skyrmion density. To probe this interplay of charge and spin
dynamics, we propose a blueprint for a spin-triplet superconducting quantum interference device
(SQUID), which functions without a Josephson weak link. The triplet SQUID undergoes nonsingular
4⇡ phase slips, in which current relaxation is facilitated by spin dynamics that trace out a magnetic
skyrmion texture. Inductively coupling the device to a tank circuit and probing the nonlinear
supercurrent response via Oersted field measurements could provide an experimental signature of
ferromagnetic spin-triplet superconductivity.

Introduction.—The potential for spin-triplet supercon-
ductors to uncover novel physical phenomena and further
the development of quantum information technologies
has, in recent years, spurred research e↵orts to experimen-
tally identify new unconventional superconductors and
validate the presence of spin-triplet pairing [1–3]. Ferro-
magnetic superconductors are a particularly interesting
class of triplet superconductors since they are not only
robust to magnetic fields that would typically be delete-
rious to spin-singlet superconductivity, but also exhibit
ferromagnetic order [4–7]. Candidate materials include
uranium heavy-fermion compounds [4] and, more recently,
two-dimensional moiré materials [8, 9]. In these systems,
spin and charge degrees of freedom are intertwined, as
dictated by the structure of the underlying d-vector order
parameter. Changes in the supercurrent flow will gener-
ically be accompanied by magnetic dynamics and, vice
versa, manipulation of the spin texture can give rise to
charge dynamics [10–13].

In this Letter, we are motivated to explore the connec-
tion between charge and spin texture dynamics, with an
emphasis on studying how magnetic topological charge
transport can control superconducting current flow. We
first develop a hydrodynamic theory for spin-triplet su-
perconductors in which the low energy long-wavelength
dynamics are described by the charge density, the super-
conducting velocity field, and the spin orientation field.
Within this framework, the spin-triplet superconductor
can be intuitively understood as a charged ferrofluid whose
dynamics adhere to a topological constraint linking the
supercurrent velocity field to the magnetic skyrmion den-
sity [14, 15]. To obtain the nonlinear equations of motion,
we phenomenologically construct the free energy F and
Rayleigh functional R in terms of the hydrodynamic vari-
ables, derive the Poisson brackets from the SO(3) d-vector
order parameter, and then apply Hamilton’s formalism.

As a signature experiment for ferromagnetic spin-triplet
superconductivity, we propose a spin-triplet superconduct-

FIG. 1. (a) Superconducting ring (left) with the spin orien-
tation field s (red arrows), circulating supercurrent v (green
arrow), and the magnetic flux (blue arrow). (b) Schematic
of the spin-triplet SQUID depicting the tank circuit and the
cross-coupling between v and the skyrmion flux js. (c) Sketch
of the bulk-boundary correspondence between supercurrent
and skyrmion charge.

ing quantum interference device (SQUID), as depicted in
Fig. 1. Whereas spin-singlet SQUIDs require a Joseph-
son weak link to facilitate singular phase slips (where
the order parameter vanishes), the spin-triplet SQUID
can undergo nonsingular phase slips in which the order
parameter doesn’t vanish [16]. This is possible because,
as dictated by topology, a magnetic skyrmion flux in-
duces a transverse change in the superconducting phase
winding [10, 11, 14]. The connection between the topolog-
ical charge and supercurrent translates into the nonlinear
terms in the hydrodynamic equations, which are leveraged
to devise the spin-triplet SQUID. Readout can be per-
formed by inductively coupling the spin-triplet SQUID to
a tank circuit and probing the supercurrent via Oersted
field measurements [17].

Nonlinear hydrodynamic equations.—In a hydrody-
namic model, the fully polarized spin-triplet supercon-
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Introduction.—The potential for spin-triplet supercon-
ductors to uncover novel physical phenomena and further
the development of quantum information technologies
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tally identify new unconventional superconductors and
validate the presence of spin-triplet pairing [1–3]. Ferro-
magnetic superconductors are a particularly interesting
class of triplet superconductors since they are not only
robust to magnetic fields that would typically be delete-
rious to spin-singlet superconductivity, but also exhibit
ferromagnetic order [4–7]. Candidate materials include
uranium heavy-fermion compounds [4] and, more recently,
two-dimensional moiré materials [8, 9]. In these systems,
spin and charge degrees of freedom are intertwined, as
dictated by the structure of the underlying d-vector order
parameter. Changes in the supercurrent flow will gener-
ically be accompanied by magnetic dynamics and, vice
versa, manipulation of the spin texture can give rise to
charge dynamics [10–13].

In this Letter, we are motivated to explore the connec-
tion between charge and spin texture dynamics, with an
emphasis on studying how magnetic topological charge
transport can control superconducting current flow. We
first develop a hydrodynamic theory for spin-triplet su-
perconductors in which the low energy long-wavelength
dynamics are described by the charge density, the super-
conducting velocity field, and the spin orientation field.
Within this framework, the spin-triplet superconductor
can be intuitively understood as a charged ferrofluid whose
dynamics adhere to a topological constraint linking the
supercurrent velocity field to the magnetic skyrmion den-
sity [14, 15]. To obtain the nonlinear equations of motion,
we phenomenologically construct the free energy F and
Rayleigh functional R in terms of the hydrodynamic vari-
ables, derive the Poisson brackets from the SO(3) d-vector
order parameter, and then apply Hamilton’s formalism.

As a signature experiment for ferromagnetic spin-triplet
superconductivity, we propose a spin-triplet superconduct-

FIG. 1. (a) Superconducting ring (left) with the spin orien-
tation field s (red arrows), circulating supercurrent v (green
arrow), and the magnetic flux (blue arrow). (b) Schematic
of the spin-triplet SQUID depicting the tank circuit and the
cross-coupling between v and the skyrmion flux js. (c) Sketch
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ing quantum interference device (SQUID), as depicted in
Fig. 1. Whereas spin-singlet SQUIDs require a Joseph-
son weak link to facilitate singular phase slips (where
the order parameter vanishes), the spin-triplet SQUID
can undergo nonsingular phase slips in which the order
parameter doesn’t vanish [16]. This is possible because,
as dictated by topology, a magnetic skyrmion flux in-
duces a transverse change in the superconducting phase
winding [10, 11, 14]. The connection between the topolog-
ical charge and supercurrent translates into the nonlinear
terms in the hydrodynamic equations, which are leveraged
to devise the spin-triplet SQUID. Readout can be per-
formed by inductively coupling the spin-triplet SQUID to
a tank circuit and probing the supercurrent via Oersted
field measurements [17].

Nonlinear hydrodynamic equations.—In a hydrody-
namic model, the fully polarized spin-triplet supercon-

• We have recently extended these ideas to unconventional (triplet) superconductors, where 
the SO(3) order parameter topology allows for nonsingular       phase slips 

• This enables (conventional) rf SQUID functionality without a need for Josephson junctions 

• These phase slips are associated with radial skyrmion passage (Mermin-Ho relation) 

• A route to novel devices and signatures of unconventional superconductivity
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• Continued progress in machine (especially unsupervised) learning and artificial intelligence may 
benefit from dedicated analog hardware that is designed to mimic brain-like behaviors 

• Topological texture transport and dynamics in magnetic insulators appears to provide all the 
conceptual building blocks, including solitonic signal propagation, nonlinear signal integration, and 
plasticity 

• This is further complemented by built-in energy storage capability

Potential in “topological neuromorphics” (AI hardware)?
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Spatiotemporal winding textures can mimic synapses and synaptic transmission
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Our proposed (dream) schematic:

the sign designating chirality. The net total topological
charge of a magnetic strip is a conserved quantity. The
continuity equation (1) also reveals the dynamical aspects
of the winding texture. The motion of a domain wall
through a spatial point x0 necessarily involves a π winding
of ϕðx0; tÞ in time, and vice versa. There thus exists a
natural spatiotemporal interconversion of topological
winding.
In our proposal, hydrodynamics of topological charges

governs the information transmission and processing in the
entire network. As shown in Fig. 1(a), all elements, excepts
for a few links, are made of antiferromagnetic materials.
Axons and dendrites are channels for ballistic propagation
of topological charges. The neuronal behavior is realized
by a single-domain magnet with leaky (damped) dynamics.
Its internal state, described by the uniform order parameter
φðtÞ, is analog, while its output is digital: A domain wall is
created and propagates into the axon, if φ winds by π, or
not, if φ relaxes to its initial ground state. A synapse
contains a magnetic nanostrip holding a winding texture.
The net density of topological charges serves as a non-
volatile analog memory of the synaptic weight w, which
can be adjusted according to the relative arrival time Δt of
the domain walls fired by the pre- and postsynaptic
neurons. In this way, neurons and synapses can be naturally
integrated into a compatible network, driven solely by the
continuous flow of topological charges.
Hydrodynamics of topological charges.—We now study

the dynamics governed by the Hamiltonian (2) together

with the Rayleigh dissipation function density R ¼
ðαJ =2Þð∂tϕÞ2, where α is the dimensionless Gilbert
damping [41] and J is the saturated spin density. The in-
plane angle ϕ and the transverse spin (angular momentum)
density m are conjugate variables, satisfying the Poisson
bracket fϕðxÞ; mðx0Þg ¼ δðx − x0Þ. Equations of motion
are thus given by the generalized Hamilton equations
∂tϕ ¼ ∂H=∂m, and ∂tm ¼ −∂H=∂ϕ − ∂R=∂ð∂tϕÞ.
Eliminating m yields the damped sine-Gordon equation
[42,43] ð1=u2Þ∂2

tϕ − ∂2
xϕþ ð1=2λ2Þ sin 2ϕþ β∂tϕ ¼ 0,

where the spin-wave speed u ¼
ffiffiffiffiffiffiffiffiffi
A=χ

p
, the domain-wall

width λ ¼
ffiffiffiffiffiffiffiffiffiffi
A=K

p
and the damping factor β ¼ αJ =A. We

consider its solution in the low-damping limit β → 0 (to
recover Lorentz invariance) [44,45],

ϕ0ðx; tÞ ¼ 2 arctan
"
exp

#
−ζ

x − vt

λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2=u2

p
$%

; ð3Þ

which is often referred to as a soliton. It describes a domain
wall with topological charge ζ ¼ %1 moving with speed v.
When topological charges are far apart, their interaction is
exponentially weak and they behave like free particles. A
small damping can be accounted for by a weak frictional
force [46], resulting the energy dissipation dH=dt ¼ −2R,
which translates into dv=dt ¼ −βvðu2 − v2Þ. By tuning the
size of the in-plane anisotropyK, domain walls can be sharp,
just like spikes in biological nerves. The solitonic motion of
topological charges in our proposal bears resemblance to the

FIG. 1. Schematics of neurons and a synapse in an SNN based on dynamics of topological charges in biaxial antiferromagnets. (a) A
neuron is a single-domain magnet with angular order parameter φ. The neuron fires when φ rotates (counterclockwise) by π, creating a
topological charge with ζ ¼ þ1. An axon branches out into a feedback arm and a forward one, each further fans out into several
telodendrons. Arrows indicate directions of signal flow. A synapse is a nanostrip holding a winding texture, a thermodynamic system
(with temperature T and chemical potential μ) of interacting topological charges, their net density w as the synaptic weight. An external
source of winding with constant chemical potential μ0 is used to increase the synaptic weight w upon causal firings. Sketches of cosϕðxÞ
inside the synapse and the external source indicate the low and high density of topological charges. The order parameters ϕ1 and ϕ2 at
the two ends of the synapse experience tilted washboard potentials. (b) Aweak coupling between the neuron and the dendrite mediated
by a metal spacer. A topological charge arrives from the dendrite and pumps a spin current Is into the normal metal, exerting torques of
opposite signs on the two interfaces. (c) The learning function (the change in the synaptic weight Δw versus the relative arrival time
Δt ¼ tpost − tpre of the post- and presynaptic signals) of a possible scheme of STDP of the synapse. Causal firings strengthen the
synaptic connection.
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• 1D winding dynamics obeys damped sine-Gordon equation: 

• For weak dissipation    , elementary topological charges move as relativistic solitons: 

• Depending on the boundary conditions, these solitons can get either fully transmitted or 
fully reflected at a wire’s edge:

Consider a Lorentz-boosted soliton exiting a magnetic wire (to enter a “synapse”):

↵
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• A metallic interconnect between a “dendrite” and a “neuron” mediates coupling by adiabatic spin 
pumping and spin-transfer torque (supposing the electron diffusion is much faster than the 
magnetic dynamics) 

• The corresponding exchange magnetic boundary condition (spin continuity) is: 

• This gives “impedance matching” condition for perfect soliton transmission into the metal link:

Adding spin-transfer and spin-pumping torques at metallic interfaces:

dendrite neuronmetal

(weak link: synapse)

⌧
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Leaky integrate-and-fire

nonlinear action-potential propagation in the Hodgkin-
Huxley model [47].
As we have pointed out, the hydrodynamics of

topological charges is rooted in the conservation law (1).
A large energy barrier, determined by the easy-plane
anisotropy Kz (≫ K), must be overcome for thermally
activated phase slips and (for very small structures and
cryogenic temperatures) quantum tunnelings [48,49] to
relax the metastable winding textures. To stay in the valid
regime of the conservation law, we operate at temperatures
much below the Néel temperature, and with the density of
domain walls much below the Landau criterion for their
energetic stability (ρ ≪ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
A=Kz

p
[50]).

The topological conservation law guarantees the trans-
mission of a topological charge through a strong coupling:
an interface between two magnets in direct contact through
magnetic exchange, which is used between a neuron and its
axon, and between an axon and its telodendrons. The signal
traveling along an axon fans out as a topological charge
enters each telodendron, albeit in practice there may need to
be some amplification to compensate for cascading and
losses of the energy.
Neuron.—For a neuron to be able to integrate topological

charges from many of its dendrites, however, we need a
weak coupling, as sketched in Fig. 1(b), in order to transfer
spatial windings in dendrites into (weak) temporal stimuli for
the neuron, as well as impedes the feedback to dendrites
when the neuron fires. The weak coupling can be realized by
inserting a nonmagnetic-metal spacer between the neuron
and dendrites, forming a spin-valve-like structure [51].
Since a topological charge is “quantized,” its trans-

mission from the dendrite to the metal spacer (as a spin-
injection pulse, as detailed below) is a question of yes or no.
Invoking the boundary condition [43] A∂xϕ − τ1 ¼ 0, a
domain wall (3) with speed v ¼ 8πA=ℏg can slip through
without any deformation, which is reminiscent of the
microwave impedance matching for optimal transmission.
There must therefore exist a finite speed window for the
topological charges so that signals reach the neuron.
The neuron in our proposal is a single-domain anti-

ferromagnet with a uniform magnetic state ∂xφ ¼ 0, where
φ is the azimuthal angle of its Néel order parameter. We
restate the Hamiltonian H̃ ¼ M2=2χ̃ þ ðK̃=2Þ sin2 φ and
the Rayleigh dissipation function R̃ ¼ ðα̃ J̃ =2Þð∂tφÞ2,
where the tilded parameters are defined as previously
but for a zero-dimensional system, the neuron. The azimu-
thal angle φ and the transverse angular momentum M are
canonical conjugate variables. We obtain equations of
motion [44]

∂tφ ¼ M
χ̃
; and ∂tM ¼ − K̃

2
sin 2φ − α̃ J̃ ∂tφþ τðtÞ;

ð4Þ

where the torque τðtÞ is a result of incoming signals from
the dendrite, which we now turn to.
When a solitonic domain wall (with positive chirality)

propagating along the dendrite unwinds at the dendrite-
metal interface, the spin dynamics pumps a spin
current Is ¼ ðℏg=4πÞ∂tϕ into the normal metal [51] [note
Is ∝ j, see Eq. (1)], where g is the spin-mixing conduct-
ance. Consider the simplified situation where the spin
current partitions into half transmission and half reflection
[52]. A spin current is an angular momentum flux. In
other words, a torque is exerted at the metal-dendrite
interface, and equally at the metal-neuron interface [55],
−τ1 ¼ τ2 ¼ Is=2 ¼ ðℏg=8πÞ∂tϕ. The total angular-
momentum transfer into the neuron is thus δM ¼R
dtτ2 ¼ ℏg=8.
Eliminating M in Eq. (4), χ̃∂2

tφþ ðK̃=2Þ sin 2φþ
α̃ J̃ ∂tφ ¼ τðtÞ describes a familiar driven-and-damped
particle in a washboard potential with local minima
φ ¼ nπ (n ∈ Z), as shown in Fig. 2(a). A few characteristic
parameters can be extracted by taking the approximation to
a damped harmonic oscillator near the local minimum: the

undamped frequency ω0 ¼
ffiffiffiffiffiffiffiffiffi
K̃=χ̃

q
and the damping ratio

η ¼ α̃ J̃ =2
ffiffiffiffiffiffiffi
K̃ χ̃

p
. We set the material parameters in the

overdamped regime with η > 1, the relaxation time t0 ¼
1=ðη −

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
Þω0 defines the local timescale on which

3,4

1,2(a)

(b) (c)

FIG. 2. Leaky integrate-and-fire functionality of the neuron.
(a) The washboard potential. The angular order parameter φ of
the neuron and its time derivative ∂tφ are analogous to the
position and speed of a particle. Inset: The tilted washboard
potential where local minima become unstable. (b) The firing and
nonfiring diagram depending on the input rate ω and amplitude ν0
of the incoming train of angular momentum kicks. Numerics are
done with parameters ω0 ¼ 10 GHz and η ¼ 5. (c) The time
evolution of the order parameter of the neuron φðtÞ simulated for
samples marked in the diagram. In each simulation, 20 pulses are
sent to the neuron until it fires.
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• Monodomain “neuron” dynamics maps on the forced motion of a damped 
massive particle in a washboard potential:

�
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Synapse as a thermodynamic soliton liquid

the neuron performs integration. Compared with the slow
reaction of the neuron, the angular-momentum transfer due
to a sharp incoming domain wall can be almost instanta-
neous [52]. Thus, τðtÞ can be regarded as composed of delta
pulses, each elevates the canonical momentum M by δM,
and, as manifested by Eq. (4), boosts ∂tφ by ν0 ¼ δM=χ̃.
Take the example of an initially stationary state trapped

at φjt¼0 ¼ 0, a sudden angular momentum kick sets the
initial condition ∂tφjt¼0þ ¼ ν0 for the relaxation process.
As a train of topological charges coming in at a rate ω, the
state φ wiggles gently as the effect of each kick fades,
featuring a leaky integration. See Fig. 2(c). Only with a
sufficiently high input rate and/or large amplitude, can the
signal pulses trigger the neuron to fire—it overcomes the
energy barrier and falls into the neighboring local minimum
φ ¼ π. The dependence of the firing or nonfiring result on
the rate and amplitude of pulses is plotted in Fig. 2(b).
When the neuron fires, it experiences a phase jump of π,
whereas the phase deep in the axon remains unchanged. A
domain wall with topological charge ζ ¼ þ1 is thus created
on a timescale of t0, entering the axon with a certain initial
velocity.
Another behavior of a biological neuron that we can

imitate is the bursting—a neuron fires repeatedly in groups
separated by quiescent periods [56]. For our artificial neuron,
a constant torque τ0 (such as a spin transfer torque used in
Ref. [28]) effectively tilts the washboard potential. This can
cause repetitive firing once the torque exceeds a threshold
where the local minima become unstable. On average, the
firing rate is proportional to the tilting, r ¼ τ0=πα̃ J̃ .
Synapse.—A nonvolatile analog memory with an adjust-

able weight, as the key element of a synapse, is realized in
our proposal by an antiferromagnetic nanostrip (2) holding
a metastable winding texture. We define the dimensionless
density of topological charges w ¼ Nλ=L as the synaptic
weight, where N is the net number of topological charges
and L is the length of the nanostrip, which is large enough
(L ≫ λ) to allow us to consider w as an essentially
continuous variable. The nanostrip is a one-dimensional
thermodynamic system of interacting topological charges.
The interaction gives rise to a density dependent chemical
potential μðwÞ ¼ δF=δN, where F is its total free energy.
Here, we outline a proof-of-principle proposal for the

STDP procedure, which can be modified and improved,
subject to practical experimental considerations. We update
the synaptic weight in two ways: an increase upon causal
firings, and a constant degradation background when the
causal relation is not maintained. See Fig. 1(c).
We first consider the latter, focusing on the right end of the

synapse in Fig. 1(a). The local parameter ϕ2, if unperturbed,
stays at a local minimum of a tilted washboard potential due
to the in-plane anisotropy. The tilting −μ=π is present since
an amount of energy μ is needed to inject an extra topological
charge into the synapse through winding ϕ2 by π. Whenever
a topological charge from the presynaptic neuron arrives, the

dynamics of ϕ2 is activated: ϕ2 is brought out of the local
minimumeither as a result of kinetic perturbation, or heating,
which softens the anisotropy. Both can be due to the spin
dynamics associated with the incoming topological charge.
The synapse is therefore open briefly before damping sends
ϕ2 back to a local equilibrium.A small amount of topological
charges are pushed into the dendrite, passing a modulated
signal to the postsynaptic neuron. The strength of this signal
is determined by the synaptic weight: The denser the
topological charges in the synapse, the higher the chemical
potential (see Fig. 3), so that more topological charges are
pushed into the dendrite, like a compressed gas being briefly
released.
An external reservoir of topological charges (a “chirality

battery” [57]), which is maintained at a constant chemical
potential μ0 > μ, is linked to the left end of the synapse,
where the local order parameter ϕ1, similar to the situation
with ϕ2, experiences a tilted washboard potential with an
average slope proportional to the relative chemical potential
μ − μ0. See Fig. 1(a). We now wish the combination of the
presynaptic signal and the causal postsynaptic feedback (if
created) to increase the synaptic weight. We consider one
possibility following Ref. [26]. The kinetic perturbation
caused by the postsynaptic signal can activate the dynamics
of ϕ1 only when assisted by the remnant heat from the
presynaptic signal, so that topological charges flow from
the external reservoir into the synapse, where the magnetic
texture is naturally damped into a new equilibrium with
higher μ. The STDP time window δt is determined by the
heat transport properties of the nanostrip. Other, nonheat-
based scenarios can also be envisioned, which we leave for
a future work.
Discussion.—As a route to cognition mimicking, SNNs

are by nature complicated and approximative. Magnetic
materials in different parameter regimes have to be tailored
to realize functionalities in different elements, which can be

FIG. 3. The nonlinear dependence of the chemical potential μ
on the synaptic weight w, calculated for the metastable ground-
state textures of the Hamiltonian (2), which are the solutions to
the static sine-Gordon equation [52]. Inset: the magnetic textures
and their cosϕðxÞ for two values of w. The texture becomes
closer to a uniform spiral as w approaches 1. The asymptote has
the analytical expression μ ¼

ffiffiffiffiffiffiffiffi
AK

p
π2w.
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synaptic weight: topological charge density

• The modality of a sine-Gordon model that realizes a synapse is based on a thermodynamic 
description with a chemical potential     and temperature      associated with the topological 
charge distribution 

µ
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Spike-timing dependent plasticity

the sign designating chirality. The net total topological
charge of a magnetic strip is a conserved quantity. The
continuity equation (1) also reveals the dynamical aspects
of the winding texture. The motion of a domain wall
through a spatial point x0 necessarily involves a π winding
of ϕðx0; tÞ in time, and vice versa. There thus exists a
natural spatiotemporal interconversion of topological
winding.
In our proposal, hydrodynamics of topological charges

governs the information transmission and processing in the
entire network. As shown in Fig. 1(a), all elements, excepts
for a few links, are made of antiferromagnetic materials.
Axons and dendrites are channels for ballistic propagation
of topological charges. The neuronal behavior is realized
by a single-domain magnet with leaky (damped) dynamics.
Its internal state, described by the uniform order parameter
φðtÞ, is analog, while its output is digital: A domain wall is
created and propagates into the axon, if φ winds by π, or
not, if φ relaxes to its initial ground state. A synapse
contains a magnetic nanostrip holding a winding texture.
The net density of topological charges serves as a non-
volatile analog memory of the synaptic weight w, which
can be adjusted according to the relative arrival time Δt of
the domain walls fired by the pre- and postsynaptic
neurons. In this way, neurons and synapses can be naturally
integrated into a compatible network, driven solely by the
continuous flow of topological charges.
Hydrodynamics of topological charges.—We now study

the dynamics governed by the Hamiltonian (2) together

with the Rayleigh dissipation function density R ¼
ðαJ =2Þð∂tϕÞ2, where α is the dimensionless Gilbert
damping [41] and J is the saturated spin density. The in-
plane angle ϕ and the transverse spin (angular momentum)
density m are conjugate variables, satisfying the Poisson
bracket fϕðxÞ; mðx0Þg ¼ δðx − x0Þ. Equations of motion
are thus given by the generalized Hamilton equations
∂tϕ ¼ ∂H=∂m, and ∂tm ¼ −∂H=∂ϕ − ∂R=∂ð∂tϕÞ.
Eliminating m yields the damped sine-Gordon equation
[42,43] ð1=u2Þ∂2

tϕ − ∂2
xϕþ ð1=2λ2Þ sin 2ϕþ β∂tϕ ¼ 0,

where the spin-wave speed u ¼
ffiffiffiffiffiffiffiffiffi
A=χ

p
, the domain-wall

width λ ¼
ffiffiffiffiffiffiffiffiffiffi
A=K

p
and the damping factor β ¼ αJ =A. We

consider its solution in the low-damping limit β → 0 (to
recover Lorentz invariance) [44,45],

ϕ0ðx; tÞ ¼ 2 arctan
"
exp

#
−ζ

x − vt

λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2=u2

p
$%

; ð3Þ

which is often referred to as a soliton. It describes a domain
wall with topological charge ζ ¼ %1 moving with speed v.
When topological charges are far apart, their interaction is
exponentially weak and they behave like free particles. A
small damping can be accounted for by a weak frictional
force [46], resulting the energy dissipation dH=dt ¼ −2R,
which translates into dv=dt ¼ −βvðu2 − v2Þ. By tuning the
size of the in-plane anisotropyK, domain walls can be sharp,
just like spikes in biological nerves. The solitonic motion of
topological charges in our proposal bears resemblance to the

FIG. 1. Schematics of neurons and a synapse in an SNN based on dynamics of topological charges in biaxial antiferromagnets. (a) A
neuron is a single-domain magnet with angular order parameter φ. The neuron fires when φ rotates (counterclockwise) by π, creating a
topological charge with ζ ¼ þ1. An axon branches out into a feedback arm and a forward one, each further fans out into several
telodendrons. Arrows indicate directions of signal flow. A synapse is a nanostrip holding a winding texture, a thermodynamic system
(with temperature T and chemical potential μ) of interacting topological charges, their net density w as the synaptic weight. An external
source of winding with constant chemical potential μ0 is used to increase the synaptic weight w upon causal firings. Sketches of cosϕðxÞ
inside the synapse and the external source indicate the low and high density of topological charges. The order parameters ϕ1 and ϕ2 at
the two ends of the synapse experience tilted washboard potentials. (b) Aweak coupling between the neuron and the dendrite mediated
by a metal spacer. A topological charge arrives from the dendrite and pumps a spin current Is into the normal metal, exerting torques of
opposite signs on the two interfaces. (c) The learning function (the change in the synaptic weight Δw versus the relative arrival time
Δt ¼ tpost − tpre of the post- and presynaptic signals) of a possible scheme of STDP of the synapse. Causal firings strengthen the
synaptic connection.
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• The synaptic weight      gets self-updated as a function of relative timing       between the post- and 
pre-synaptic signals 

• In order to raise the weight, a free energy is loaded from an external source (where the topological 
charge is maintained at a fixed chemical potential      ) 

• The latter can also generically provide an amplification/generation of the winding dynamics 
whenever needed

w
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(Proof-of-principle) applications validate the concepts

• Nonchemical energy storage
- Magnetism can provide both stability and sizable free energy, per atomic bond 

• Sensing
- Motivated by SQUID, we propose a dual spin-superfluid QUID for electric-field sensing 

• AI hardware 
- Topological degrees of freedom naturally provide nonlinearities, transport/

communication, information storage/learning, and interface with standard electronics


