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Conservation laws engender transport phenomena

region in N dim.

-

-> flow i --ing out

conserved ->

quantity S

- generator of symmetry: gauge (particle number), space-time translational 
(linear momentum and energy), rotational (angular momentum) etc.

- topological charge: winding, vector chirality (vorticity), scalar chirality (skyrmion) etc.
Emmy Noether

∂tρ + ∇ ⋅ j = 0

Two distinct routes to obtain conserved quantity                    :
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Central role of transport phenomena in:

• Fundamental classification of materials
- Metals, insulators, semiconductors, superconductors etc. 

• Integral part of low-energy theories
- In and out of equilibrium: Collective modes, diffusion, slow relaxation 

• Applications (see 2nd talk) 
- Material probes, electronics, spintronics, sensing, energy storage



Transport of topological charges remains mostly elusive

…except for superfluidity/superconductivity:

The robustness of the superfuidity stems from the topological character of the superflow:
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@t⇢c + @xjc = 0
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dx⇢w

(electric charge) (topological charge)
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Insulating materials with dynamical spin degrees of freedom have recently emerged as viable
conduits for spin flows. Transport phenomena harbored therein are, however, turning out to be much
richer than initially envisioned. In particular, the topological properties of the collective order-
parameter textures can give rise to conservation laws that are not based on any specific symmetries.
The emergent continuity relations are thus robust against structural imperfections and anisotropies,
which would be detrimental to the conventional spin currents (that rely on approximate spin-
rotational symmetries). The underlying fluxes thus supersede the notion of spin flow in insulators,
setting the stage for nonequilibrium phenomena termed topological hydrodynamics. Here, we
outline our current understanding of the essential ingredients, based on the energetics of the electri-
cally-controlled injection of topological flows through interfaces, along with a reciprocal signal
generation by the outflow of the conserved quantity. We will focus on two examples for the latter:
winding dynamics in one-dimensional systems, which supplants spin superfluidity of axially-
symmetric easy-plane magnets, and skyrmion dynamics in two-dimensional Heisenberg-type
magnets. These examples will illustrate the essential common aspects of topological flows and hint
on generic strategies for their generation and detection in spintronic systems. Generalizations to
other dimensions and types of order-parameter spaces will also be briefly discussed. Published by
AIP Publishing. https://doi.org/10.1063/1.5054123

I. INTRODUCTION

Understanding electricity, which concerns phenomena
deriving from the motion of electric charge, has been a cor-
nerstone of solid-state physics. Studying and quantifying
such motion, e.g., through the measurements of electrical
conductivity, provided fundamental probes of materials that
lead to some of the central discoveries of the 20th-century
physics, such as superconductivity and quantum Hall effect.
Being primarily carried by electrons, electric charge flows
can be used to differentiate between some of the basic
electronic states of crystals, such as metals, insulators, and
semiconductors. Generally, whenever electronic charge corre-
lations bear some key signatures of the underlying phase or
state of a material, we can expect the electrical conductivity
to offer a valuable probe thereof. Conversely, a material
known to have some striking electrical response can be tai-
lored for electronic applications.

A broad range of complex materials, however, have their
key dynamic properties rooted in different physics. In partic-
ular, magnetic materials may exhibit essentially no electrical
dynamics, up to very high frequencies (determined by the
gap for charge excitations), while having their prevalent low-
frequency fluctuations governed by the spin degrees of
freedom. This concerns, more generally, systems with strong
spin correlations and/or frustration, where the low-energy
properties are either dominated or, at least, strongly affected
by the correlated spin dynamics.

Spintronics has recently emerged as a field that exploits
these spin degrees of freedom to either study the underlying
materials and heterostructures or employ the associated func-
tionality in novel devices and computing architectures.1–4 One
feature that distinguishes spintronics from other spin-based

disciplines, such as various spin-resonance and scattering
spectroscopies, is a focus on transport regimes, where the
net spin angular momentum in the system is conserved. In
this case, supported by the reasoning that is similar to that
underlying Kirchhoff’s circuit laws for charge flows in elec-
trical circuits, one can construct spin-flow-based principles
for spin dynamics.5 Interfaces or junctions in a spin-active
heterostructure would then serve as nodes that transmit spin
flows.6 The spin flow over a certain region (e.g., an interface
between two materials or a section of a single material), which
serves as a basic building block for the circuit perspective, can
be driven by an effective spin bias. Thermodynamically, the
latter can be understood as a drop in the spin (chemical)
potential, which is locally conjugate to the spin density. The
spin conservation would dictate a homogeneity of the spin
potential in equilibrium.

While a finite spin flow across a heterointerface may
have to be transmuted between physically disparate entities,
such as electron-hole pairs on one side and magnons on the
other,7,8 it can still be conserved. Such conservation, along a
specific axis, relies in general on the corresponding spin-
rotational symmetry, which must be satisfied in both materi-
als as well as at the interface itself. In practice, this is of
course always an approximation, which might explain why
the basic notion of spin transport9 was not widely accepted
for a long time. One important issue is that the spin signals
carried by decaying quasiparticles are exponentially sup-
pressed beyond the associated spin-diffusion length.2

In this perspective, I will start by recapping some recent
developments in our understanding of spin flows through
magnetic insulators. We will, for concreteness, suppose that
the spin bias is produced by a nonequilibrium electron spin
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accumulation, which can be controlled electrically.10–13 It turns
out, however, that an ordinary spin flow is not the only trans-
port process that can be triggered by such spin biases. Thinking
more broadly about the coherent (magnetic) order-parameter
dynamics, which can be controlled and detected electrically,
will bring us to the notion of the conserved topological flows.
An idealized concept of spin superfluidity14–16 is perhaps the
simplest example thereof, which will be relied heavily on for
pedagogical purposes. We will discuss how the interplay of
current-induced work, topology, and coherent spin dynamics
can conspire to yield robust long-distance and low-dissipation
information flows through magnetic insulators.

II. BACKGROUND

A. Spin-flow nodes and circuitry

In a simple illustration of spin flows in solid-state hetero-
structures, consider a junction between a nonmagnetic metal
and a magnetic insulator, as depicted in Fig. 1. This junction
can be viewed as a node in a larger circuit, which could be
ultimately driven by a combination of electrical and thermal
means (through, e.g., the so-called spin Hall9,10 and spin
Seebeck17,19 effects, respectively). In a nonequilibrium
steady state, we can have a situation, in which the itinerant
electrons in the metal obey the Fermi-Dirac statistics with the
spin-dependent distribution function

nFD(ϵ) "=#¼
1

eβL(ϵ+μs=2) þ 1
, (1)

while the magnons follow the Bose-Einstein distribution

nBE(ϵ) ¼
1

eβR(ϵ#μm) # 1
: (2)

β ; 1=kBT stands for the inverse temperature, on each side,
μs is the spin potential (also known in the literature as the
spin accumulation5,6,13) in the metal, while μm is the spin
potential (which corresponds simply to the bosonic chemical

potential8) in the magnet. Orienting the spin quantization
axis here along a symmetry axis in spin space (which, in the
case of a collinear spin order, must be along the order param-
eter), the spin flow is continuous across the interface. In
linear response, it should generally obey the following phe-
nomenology:

Js ¼ G(μs # μm)þ S(TL # TR), (3)

in close analogy with thermoelectricity.20 G here is the interfa-
cial spin conductance and S is the spin Seebeck coefficient. In
thermodynamic equilibrium, μs ¼ μm and TL ¼ TR, so that
Js ¼ 0. Microscopically, the values of G and S depend on the
strength of the (Heisenberg) spin exchange at the interface,
between the itinerant electron spins on the left and localized
magnetic moments on the right.8,18,21–23 These parameters, fur-
thermore, depend on the ambient temperature, typically increas-
ing with temperature, due to the bosonic statistics of magnons.

B. Energetics of the coherent spin transfer

Let us now look into the process of spin injection at an
interface between a normal metal and a dynamic magnet. At
sufficiently low temperatures, we can neglect thermal spin
excitations, like those underlying Eq. (3), and instead focus
on the coherent spin dynamics as well as the spin transport
driven by a (vectorial) spin bias μs in the normal metal.5 Its
absolute value is jμsj ¼ μs and the direction is determined
by the spin-quantization axis for which the electron occupa-
tion follows Eq. (1).

As a starting point, consider a simple collinear ordering
in the magnet, whose dynamic state is described by a direc-
tional order parameter l(t), s.t. jl(t)j ; 1. Writing the (vecto-
rial) spin current Js across the interface in terms of μs and a
slowly-varying l(t) then gives5

Js ¼
g
2π

l$ μs $ l# !h_l
! "

: (4)

l here can physically stand for the magnetic order in a ferro-
magnet or the Néel order in an antiferromagnet.24,25 The
interfacial coefficient g is known as the spin-mixing conduc-
tance.5,6,13 The expression (4) is isotropic in spin space,
obeys Onsager reciprocity26,27 (when viewed as relating the
spin flow into the normal metal with the order-parameter
dynamics in the magnet24), and vanishes when the frequency
of rotation matches the spin bias (which is easily understood
in the rotating frame of reference5). This expression, further-
more, breaks the (macroscopic) time invariance, as Js ! Js,
l ! #l, and μs ! #μs, under time reversal. This underlines
its dissipative character, which we can exploit in order to
pump energy into the magnetic dynamics.

Spin transfer (4) across the interface signifies a torque,
Js ! τ, when viewed from the point of view of the magnetic
dynamics, which translates into work

_W ; τ % l$ _l ¼ g
2π

μs $ l# !h_l
! "

% _l (5)

on the magnetic order, per unit time. The second term,
/# (_l)2, on the right-hand side contributes to the generic
Gilbert damping28 of the magnetic dynamics, while the first
term, which is sometimes referred to as the antidamping

FIG. 1. A schematic of an elementary spin-transport node between a non-
magnetic metal (left) and a magnetic insulator (right). Electrons can flip their
spin at the interface, while transmitting (or absorbing) a magnon. The spin
current Js is driven by the thermodynamic bias of (μs # μm), in spin sector,
and (TL # TR), in heat sector. Such a bias across the interfacial node can be
established in response to thermoelectric controls of a larger circuit, in a self-
consistent steady state.17,18
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torque,29 may effectively reverse the sign of the natural
damping, leading to a dynamic instability. We can under-
stand Eq. (5) from the Hamilton equations of motion for the
order-parameter l dynamics. To this end, we modify the rate
of change of the conjugate momentum πl as

_πl ¼ " @H
@l

þ τ $ l, (6)

in the presence of an interfacial torque τ, where H(l, πl) is
the Hamilton function. The reason for this is that πl ¼ ρs $ l,
with the spin density ρs being the generator of rotations.30 Its
dynamics are modified by the spin torque as _ρl ! _ρl þ τ.
The work production (5) by the torque is then finally
obtained as _H ¼ _πl % @H=@πl þ _l % @H=@l ¼ τ % l$ _l, invok-
ing also the other Hamilton equation: _l ¼ @H=@πl.

More generally, for a noncollinear spin order that can be
parametrized by an SO(3) rotation matrix R̂(t), the appropri-
ate torques in the equation of motion can be derived from the
following Rayleigh dissipation function:31

R ¼ 1
2h

(μs " !hω)ĝ(μs " !hω), (7)

which corresponds to the (half of the) net dissipation in the
combined nonequilibrium system (i.e., the magnet plus the
adjacent metal). Here, h ; 2π!h and ω ; iTr[R̂T L̂@tR̂]=2
is the (vectorial) angular velocity of the spin dynamics,
defined in terms of the vector L̂ of SO(3) generators:
{L̂α}βγ ; "iϵαβγ , the Levi-Civita symbol. ĝ is a symmetric
real-valued 3$ 3 matrix, whose diagonalization defines three
principal axes along with the associated (nonnegative) spin
conductances, which generalize the scalar (spin-mixing) con-
ductance g discussed above. This treatment may be applied,
e.g., to noncollinear antiferromagnets and spin glasses with
an (effective) SU(2) symmetry.31,32 In the simplest case of an
isotropic spin glass, ĝ/ 1̂. Figure 2 shows a schematic of

the nonequilibrium system at hand. The Rayleigh dissipation
function (7) encodes the information about the dissipation of
the magnetic dynamics into the normal-metal reservoir as
well as the reciprocal work done by a nonequilibrium spin
accumulation μs applied to it.31

In closing this section, we would like to recall that a
straightforward way to establish an effective spin accumula-
tion μs at a boundary of a generic conductor is by using the
spin Hall effect.9,10 Namely, on general symmetry grounds,
we may write

μs ¼ ϑsH z$ j , (8)

where z is the normal to the interface and j is the (tangential)
electric current density. ϑsH is a material-dependent parame-
ter that depends on the strength of spin-orbit interactions near
the interface, vanishing in the absence thereof. Some heavy
metals and, particularly, the so-called topological-insulator
materials are known to engender a sizable ϑsH.
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In the presence of a proximal magnetic material, which
modifies the spin-related boundary condition according to,
e.g., Eq. (4), the spin accumulation μs generally needs to be
calculated self-consistently, together with solving the mag-
netic equations of motion.5 In certain special cases, however,
particularly in the limit of very fast spin relaxation in the
metal, the latter may be treated as a good spin reservoir that
is not significantly affected by the spin flow in and out of the
adjacent magnet.

III. TOWARD TOPOLOGICAL FIELD FLOWS

A. Spin flow through an arbitrary insulator

Following the preceding discussion, we are now
equipped to subject an arbitrary insulating material to a spin
bias, by one or more voltage-controlled spin reservoirs. This
is sketched in Fig. 3, where metallic spin reservoirs are
attached to supply arbitrarily oriented spin accumulations μ(i)s
via, e.g., the spin Hall effect. These spin biases can trigger

FIG. 3. A general spin circuit, in which the input terminals labeled by i ¼
1, 2, establish local spin biases μ(i)s , which drive spin dynamics in the mate-
rial or system of interest. The readout terminal (bottom) performs a measure-
ment of the resultant dynamic steady state via reciprocal means. For
example, if the input is accomplished by the spin Hall effect, by applying
electrical currents that induce spin accumulations (8), the output can be
achieved by measuring the inverse spin Hall voltage.10 The instantaneous
state of the driven system can be described, e.g., by the position-dependent
rotation matrix R̂(r), supposing a rigid local order.

FIG. 2. A schematic of a noncollinear spin system (right) in contact with a
metallic spin reservoir (left). The nonequilibrium spin state of the metal is
parametrized by the (vectorial) spin accumulation μs. The magnet, whose
spin arrangement is determined by some isotropic exchange Hamiltonian, is
described, near the interface, by uniform (and essentially rigid) rotations of
all spins. Its instantaneous nonequilibrium state is thus characterized by the
(vectorial) frequency of SO(3) rotation ω. The 3$ 3 matrix ĝ generalizes the
concept of the spin-mixing conductance g pertinent to the collinear case.
Adapted from Y. Tserkovnyak and H. Ochoa, Phys. Rev. B 96, 100402(R)
(2017). Copyright 2017 American Physical Society.
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torque,29 may effectively reverse the sign of the natural
damping, leading to a dynamic instability. We can under-
stand Eq. (5) from the Hamilton equations of motion for the
order-parameter l dynamics. To this end, we modify the rate
of change of the conjugate momentum πl as

_πl ¼ " @H
@l

þ τ $ l, (6)

in the presence of an interfacial torque τ, where H(l, πl) is
the Hamilton function. The reason for this is that πl ¼ ρs $ l,
with the spin density ρs being the generator of rotations.30 Its
dynamics are modified by the spin torque as _ρl ! _ρl þ τ.
The work production (5) by the torque is then finally
obtained as _H ¼ _πl % @H=@πl þ _l % @H=@l ¼ τ % l$ _l, invok-
ing also the other Hamilton equation: _l ¼ @H=@πl.

More generally, for a noncollinear spin order that can be
parametrized by an SO(3) rotation matrix R̂(t), the appropri-
ate torques in the equation of motion can be derived from the
following Rayleigh dissipation function:31

R ¼ 1
2h

(μs " !hω)ĝ(μs " !hω), (7)

which corresponds to the (half of the) net dissipation in the
combined nonequilibrium system (i.e., the magnet plus the
adjacent metal). Here, h ; 2π!h and ω ; iTr[R̂T L̂@tR̂]=2
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principal axes along with the associated (nonnegative) spin
conductances, which generalize the scalar (spin-mixing) con-
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isotropic spin glass, ĝ/ 1̂. Figure 2 shows a schematic of
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microscopics: coarse-grained torques: coherent-texture transport:



Magnetic planar winding serves as a conceptual blueprint
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• out-of-plane spin accumulation in the adjacent normal metal triggers injection of the winding density          
into the easy-plane magnet 

• spin-z rotational symmetry is analogous to U(1) gauge symmetry; even in the absence of this symmetry, such 
that the genuine (idealized) spin superfluidity breaks down, the winding hydrodynamics survives: smooth 
winding merely fragments into (chiral) solitonic domain walls
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This gives us an opening for broader unconventional transport studies

Spin Superfluidity in the ν= 0 Quantum Hall State of Graphene
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Strong electron interactions can lead to a variety of broken-symmetry phases in monolayer graphene. In
the quantum Hall regime, the interaction effect are enhanced by the formation of highly degenerate Landau
levels, catalyzing the emergence of such phases. Recent magnetotransport studies show evidence that the
ν ¼ 0 quantum Hall state of graphene is in an insulating canted antiferromagnetic phase with the Néel
vector lying within the graphene plane. Here, we show that this Néel order can be detected via two-terminal
spin transport. We find that a dynamic and inhomogeneous texture of the Néel vector can mediate nearly
dissipationless (superfluid) transport of spin angular momentum polarized along the z axis, which could
serve as a strong support for the antiferromagnetic scenario. The injection and detection of spin current in
the ν ¼ 0 region can be achieved using the two spin-polarized edge channels of the jνj ¼ 2 quantum Hall
state. Measurements of the dependence of the spin current on the length of the ν ¼ 0 region would provide
direct evidence for spin superfluidity.

DOI: 10.1103/PhysRevLett.116.216801

Introduction.—The unique electronic properties of gra-
phene (a monolayer of graphitic carbon) stem from its
hexagonal crystal structure, giving rise to relativistic effects
at electronic velocities well below the speed of light [1].
Graphene is the thinnest and the strongest of 2D materials,
and an outstanding electrical and heat conductor, holding
great promise as a building block for future electronic
devices [2]. A hallmark of graphene’s electronic properties
is manifested in magnetotransport. For instance, graphene’s
integer quantum Hall (QH) states with anomalous filling
fractions ν ¼ "4ðnþ 1=2Þ [3] directly reflect the weakly
interacting massless relativistic nature of its low-energy
excitations and the fourfold degeneracy associated with the
electron spin and valley isospin. The valley degree of
freedom distinguishes between the two inequivalent “Dirac
points” in the Brillouin zone where the conduction and
valence bands of graphene touch [4].
Under high enough magnetic fields, electron-electron

interactions can give rise to additional QH states [5,6],
including the ν ¼ 0 state at the charge neutrality point. The
appearance of the ν ¼ 0 QH state indicates that electron-
electron interactions can induce SU(4)-symmetry breaking
within the spin-valley space and lift the fourfold degen-
eracy of the zeroth Landau level [7,8]. A challenge is to
understand precisely how this symmetry is broken. Charge-
transport experiments, utilizing both the two-terminal and
Hall-bar geometries, suggest that the bulk and edge charge
excitations for the state are gapped [5]. Furthermore, the
recent observation of gapless edge-state reconstruction in a
tilted magnetic field [6] is consistent with the scenario
where the ν ¼ 0 ground state is a canted antiferromagnetic
(CAF) insulator [7]. In the CAF state, the spins SA on

sublattice A and the spins SB on sublattice B have different
relative orientations; in the presence of an external mag-
netic field B normal to the graphene plane (defined to be the
xy plane), the total spin SA þ SB points antiparallel to the
field while the Néel vector SA − SB lies in the graphene
plane. Despite these recent developments, a more direct
experimental verification of this CAF scenario would be
highly desirable.
Essentially disjoint from the field of graphene QH

physics, the field of spintronics is witnessing an increasing
interest in realizing spin transport through magnetic insula-
tors via coherent collective magnetic excitations, which
allows for superfluid (nearly dissipationless) transport of
spin [9,10]. A recent theoretical work has shown that such
superfluid spin transport can be realized in antiferromag-
netic insulators using a two-terminal device [10]: by
laterally attaching two strongly spin-orbit-coupled normal
metals at two opposite ends of the insulator, both spin
injection and detection could be achieved via electrical
means using direct and inverse spin Hall effects.
Transplanting this idea to the purported ν ¼ 0 CAF state
in graphene, superfluid transport of spin polarized along the
z axis could be supported by the CAF via a dynamic Néel
texture that rotates about the z axis within the graphene
plane [10]. The observation of such spin superfluidity
would constitute direct evidence for the CAF scenario.
Moreover, graphene is an ideal candidate for the observa-
tion of superfluid transport because the spin anisotropy
should be extremely small in this system.
Superfluid spin transport.—We begin with a heuristic

discussion of how superfluid spin transport through the
CAF state can be achieved. We propose a device shown in
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Fig. 1(a), where the central CAF region is sandwiched by
two ν ¼ −2 QH regions; we ignore the effects of thermal
fluctuations of the spins in the CAF. Spin injection into the
CAF is achieved using the two copropagating edge
channels of the left ν ¼ −2 region. Based on the theory
of QH ferromagnetism [11] these edge channels, away
from the injection region [shaded in green, which includes
the vertices labeled by a and b (represented by red circles in
Fig. 1(a)), and the line junction linking the two vertices],
are in oppositely polarized spin states (labeled ↑;↓)

collinear with the external field (along the z axis). The
two edge channels are expected to undergo very little
equilibration outside the injection region [12], so that they
can be independently biased by the reservoirs from which
they originate, i.e., Vσ .
Figure 1(b) shows a cut across the bold red line in

Fig. 1(a) viewed from the side along the y direction.
Because of an applied field B normal to the graphene
plane and antiferromagnetic correlations induced by elec-
tron interactions, spins SA on sublattice A and SB on
sublattice B in the CAF state lie nearly antiparallel within
the graphene plane with a slight canting out of the plane by
an angle determined by the ratio between the valley isospin
anisotropy and Zeeman energy scales [8]. As shown in
Fig. 1(b), the spin quantization axes of the edge states along
the line junction may deviate away from the "z directions
due to the effective field created by the neighboring CAF.
We label these canted spin states by ⇑ and ⇓.
When V↑ > V↓, interchannel scattering may occur

inside the injection region, entailing redistributed charge
currents I↑ and I↓ emanating from the region and a net loss
of spin (polarized along the z axis) inside the region.
Neglecting any external sources of spin loss in the injection
region (e.g., spin-orbit coupling, magnetic impurities, etc.),
the net spin lost in the edge should be absorbed by the CAF,
leading to the injection of spin current (hereafter always
defined to be the component polarized along the z axis) into
the CAF. This will induce the CAF into a dynamic steady
state, in which the local Néel vector in the CAF rotates
about the z axis with a global frequency Ω (see Fig. 2) [10].
The dynamic Néel texture will, in turn, pump spin current
[13] out into the edge channels in the detection region,
resulting in the transport of spin from the injection to the
detection side [the detection region, involving vertices a0

and b0, is shaded in blue in Fig. 1(a)]. We initially leave the
two detection channels unbiased, i.e., V 0

↑ ¼ V0
↓ such that

the spin current entering the detection region is zero.
However, the injection of spin current from the CAF into

(a)

(b)

FIG. 1. Proposed setup for realizing and detecting superfluid
spin transport through the ν ¼ 0 QH state of graphene. (a) Top
view of the graphene Hall bar. The yellow regions are top gates
and the gray regions denote Ohmic contacts held at their
respective voltages. Two independently biased spin-polarized
edge channels on opposite sides of the ν ¼ 0 region are used to
inject and detect spin current flowing through the CAF. The spin
states of the ν ¼ −2 edge channels are polarized collinearly to the
z axis outside of the injection and detection regions. (b) A cartoon
energy diagram at a ν ¼ 0 to ν ¼ −2 transition region (across the
bold red line). The spin axes are viewed from the side along the y
direction. In the ν ¼ −2 region, the energies of the two spin
states, oppositely polarized along the z axis, are drawn; the
Zeeman effect gives an energetic advantage to the spin-down
state. In the ν ¼ 0 region, the two occupied branches of the CAF
spectrum are shown. There, an external field in the positive z
direction results in a ferromagnetic canting of spins in the
negative z direction inside the antiferromagnet. Spin orientations
of the chiral edge modes are intermediate between the up and
down spin eigenstates within the ν ¼ −2 region (left side) and the
canted spins within the CAF (right side). The black lines are
merely a rough guide for the energies of the spin states in the
transition region. The above illustration does not contain two
other branches of the spectrum that are a part of the zeroth Landau
level but not essential for the edge physics in the transition region.

FIG. 2. A cartoon of the CAF in a dynamic superfluid state. The
Néel vector rotates within the graphene plane about the z axis
with a global precession frequency Ω. The static contribution to
spin current Īs ∝ V− ¼ V↑ − V↓ is injected into the CAF while
the dynamic (spin-pumping) contribution is ∝ Ω pumps spin
current back out into the edge. Two analogous contributions exist
on the detection side.
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Topological Effects on Quantum Phase Slips in Superfluid Spin Transport
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We theoretically investigate effects of quantum fluctuations on superfluid spin transport through easy-
plane quantum antiferromagnetic spin chains in the large-spin limit. Quantum fluctuations result in the
decaying spin supercurrent by unwinding the magnetic order parameter within the easy plane, which is
referred to as phase slips. We show that the topological term in the nonlinear sigma model for the spin
chains qualitatively differentiates the decaying rate of the spin supercurrent between the integer versus
half-odd-integer spin chains. An experimental setup for a magnetoelectric circuit is proposed, in which
the dependence of the decaying rate on constituent spins can be verified by measuring the nonlocal
magnetoresistance.

DOI: 10.1103/PhysRevLett.116.127201

Introduction.—One-dimensional quantum magnetism
has been a natural hotbed to seek and study exotic states
that defy classical descriptions [1,2]. A prototypical exam-
ple showing the importance of quantum effects is provided
by Heisenberg antiferromagnetic spin chains. For isotropic
spin-s chains, Haldane suggested in 1983 [3] that integer-s
chains have disordered ground states with gapped excita-
tions unlike half-odd-integer-s chains, which have gapless
excitations [4]. The existence of the gap has been exper-
imentally confirmed for s ¼ 1 [5].
By considering anisotropic antiferromagnetic spin chains

in the large-s limit, Affleck [6] was able to attribute this
distinction between integer and half-odd-integer spin chains
to the topological term in the O(3) nonlinear sigma model
that describes the dynamics of the local Néel order parameter
[3,7,8]. For sufficiently large s, easy-plane spin-s chains are
in the gapless XY phase, where order-destroying excitations
are vortices of the order parameter in the two-dimensional
Euclidean spacetime. It is the Skyrmion charge Q of a
vortex, quantifying how many times the order parameter
wraps the unit sphere, that serves as the topological charge in
the nonlinear sigma model. Figure 1 illustrates vortices with
minimum nonzero Skyrmion charges Q ¼ "1=2, which are
often referred to as merons [9]. Only for half-odd-integer
spin chains, the topological term creates destructive inter-
ference between vortices and, thereby, suppresses effects of
their quantum fluctuations [1,10].
Superfluid spin transport, a spin analog of an electrical

supercurrent, has been proposed in magnets with easy-
plane anisotropy, where the direction of the local magnetic
order within the easy plane plays the role of the phase of a
superfluid order parameter [11–14]. Spin supercurrent
therein is sustained by a spiraling texture of the magnetic
order, being proportional to the gradient of the in-plane
components of the order parameter. Under the guidance of
established theories for resistance in superconducting wires
[15], we have recently investigated the intrinsic thermal

dissipation in one-dimensional superfluid spin transport,
which arises via thermally activated phase slips [16] (that
unwind the phase by lifting the magnetic order out of the
easy plane [17]). At sufficiently low temperatures, however,
dissipation is mainly induced by quantum fluctuations via
quantum phase slips (QPS) [18,19]. The QPS in super-
conducting wires correspond to vortices of the phase of the
order parameter in the Euclidean spacetime. Likewise, the
QPS in one-dimensional spin superfluidity correspond to
vortices of the magnetic order parameter. Then, there arises
a natural question regrading the role of the topological
term for the integer-s and half-odd-integer-s chains in the
QPS-induced dissipation of superfluid spin transport.
In this Letter, we theoretically study the QPS in super-

fluid spin transport through easy-plane quantum antiferro-
magnetic spin chains. For an integer s, the topological term
is inoperative, and dissipation arises due to the QPS of
the Skyrmion charges Q ¼ "1=2 that change the winding
number by 2π. For a half-odd-integer s, these QPS are
completely suppressed due to destructive interferences.
Instead, the QPS of twice-larger Skyrmion charges,
Q ¼ "1, give rise to dissipation by unwinding the phase
by 4π. See Fig. 2 for illustrations. Dissipation in superfluid
spin transport can be characterized by the spin-current

FIG. 1. Vortex configurations of the local Néel order parameter
in the Euclidean spacetime ðx; τÞ with Skyrmion charges
(a) Q ¼ 1=2 and (b) Q ¼ −1=2.
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Topological Effects on Quantum Phase Slips in Superfluid Spin Transport
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We theoretically investigate effects of quantum fluctuations on superfluid spin transport through easy-
plane quantum antiferromagnetic spin chains in the large-spin limit. Quantum fluctuations result in the
decaying spin supercurrent by unwinding the magnetic order parameter within the easy plane, which is
referred to as phase slips. We show that the topological term in the nonlinear sigma model for the spin
chains qualitatively differentiates the decaying rate of the spin supercurrent between the integer versus
half-odd-integer spin chains. An experimental setup for a magnetoelectric circuit is proposed, in which
the dependence of the decaying rate on constituent spins can be verified by measuring the nonlocal
magnetoresistance.

DOI: 10.1103/PhysRevLett.116.127201

Introduction.—One-dimensional quantum magnetism
has been a natural hotbed to seek and study exotic states
that defy classical descriptions [1,2]. A prototypical exam-
ple showing the importance of quantum effects is provided
by Heisenberg antiferromagnetic spin chains. For isotropic
spin-s chains, Haldane suggested in 1983 [3] that integer-s
chains have disordered ground states with gapped excita-
tions unlike half-odd-integer-s chains, which have gapless
excitations [4]. The existence of the gap has been exper-
imentally confirmed for s ¼ 1 [5].
By considering anisotropic antiferromagnetic spin chains

in the large-s limit, Affleck [6] was able to attribute this
distinction between integer and half-odd-integer spin chains
to the topological term in the O(3) nonlinear sigma model
that describes the dynamics of the local Néel order parameter
[3,7,8]. For sufficiently large s, easy-plane spin-s chains are
in the gapless XY phase, where order-destroying excitations
are vortices of the order parameter in the two-dimensional
Euclidean spacetime. It is the Skyrmion charge Q of a
vortex, quantifying how many times the order parameter
wraps the unit sphere, that serves as the topological charge in
the nonlinear sigma model. Figure 1 illustrates vortices with
minimum nonzero Skyrmion charges Q ¼ "1=2, which are
often referred to as merons [9]. Only for half-odd-integer
spin chains, the topological term creates destructive inter-
ference between vortices and, thereby, suppresses effects of
their quantum fluctuations [1,10].
Superfluid spin transport, a spin analog of an electrical

supercurrent, has been proposed in magnets with easy-
plane anisotropy, where the direction of the local magnetic
order within the easy plane plays the role of the phase of a
superfluid order parameter [11–14]. Spin supercurrent
therein is sustained by a spiraling texture of the magnetic
order, being proportional to the gradient of the in-plane
components of the order parameter. Under the guidance of
established theories for resistance in superconducting wires
[15], we have recently investigated the intrinsic thermal

dissipation in one-dimensional superfluid spin transport,
which arises via thermally activated phase slips [16] (that
unwind the phase by lifting the magnetic order out of the
easy plane [17]). At sufficiently low temperatures, however,
dissipation is mainly induced by quantum fluctuations via
quantum phase slips (QPS) [18,19]. The QPS in super-
conducting wires correspond to vortices of the phase of the
order parameter in the Euclidean spacetime. Likewise, the
QPS in one-dimensional spin superfluidity correspond to
vortices of the magnetic order parameter. Then, there arises
a natural question regrading the role of the topological
term for the integer-s and half-odd-integer-s chains in the
QPS-induced dissipation of superfluid spin transport.
In this Letter, we theoretically study the QPS in super-

fluid spin transport through easy-plane quantum antiferro-
magnetic spin chains. For an integer s, the topological term
is inoperative, and dissipation arises due to the QPS of
the Skyrmion charges Q ¼ "1=2 that change the winding
number by 2π. For a half-odd-integer s, these QPS are
completely suppressed due to destructive interferences.
Instead, the QPS of twice-larger Skyrmion charges,
Q ¼ "1, give rise to dissipation by unwinding the phase
by 4π. See Fig. 2 for illustrations. Dissipation in superfluid
spin transport can be characterized by the spin-current

FIG. 1. Vortex configurations of the local Néel order parameter
in the Euclidean spacetime ðx; τÞ with Skyrmion charges
(a) Q ¼ 1=2 and (b) Q ¼ −1=2.
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Magnetic Domain Walls as Hosts of Spin Superfluids and Generators of Skyrmions

Se Kwon Kim and Yaroslav Tserkovnyak
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A domain wall in a magnet with easy-axis anisotropy is shown to harbor spin superfluid associated with
its spontaneous breaking of the U(1) spin-rotational symmetry. The spin superfluid is shown to have several
topological properties, which are absent in conventional superfluids. First, the associated phase slips create
and destroy Skyrmions to obey the conservation of the total Skyrmion charge, which allows us to use a
domain wall as a generator and detector of Skyrmions. Second, the domain wall engenders the emergent
magnetic flux for magnons along its length, which are proportional to the spin supercurrent flowing
through it, and thereby provides a way to manipulate magnons. Third, the spin supercurrent can be driven
by the magnon current traveling across it owing to the spin transfer between the domain wall and magnons,
leading to the magnonic manipulation of the spin superfluid. The theory for superfluid spin transport within
the domain wall is confirmed by numerical simulations.

DOI: 10.1103/PhysRevLett.119.047202

Introduction.—Under normal conditions, particles in a
fluidmove against the friction force caused by, e.g., scattering
with the vessel. In some extreme circumstances, certain fluids
become superfluids that support particle flow with no
resistance,which is exemplifiedby liquid 4Heat temperatures
below 2K [1]. Conventional superfluidity is characterized by
the spontaneously brokenU(1) symmetry associated with the
phase of the macroscopic quantum wave function. A con-
served quantity corresponding to the U(1) symmetry is the
particle number, or equivalently mass, and it is this mass
supercurrent that is carried by the gradient of the phase.
Analogously, materials with the U(1) spin-rotational

symmetry can support superfluid spin transport if the
symmetry is spontaneously broken by the ground states
[2,3]. Easy-planemagnets thus can realize spin superfluid by
choosing an arbitrary direction in the easy plane and thereby
breaking the U(1) symmetry in their ground states. The in-
plane angle of the spin density is analogous to the phase of
the wave function in mass superfluid, and, accordingly, the
supercurrent of spin (projected onto the symmetry axis) is
proportional to the gradient of the in-plane angle. On the
other hand, easy-axis magnets, which have the U(1) spin-
rotational symmetry like the easy-plane ones, do not break
the symmetry spontaneously, because spins order along
the symmetry axis in their two ground states. Easy-axis
magnets, therefore, do not support spin superfluidity as a
metastable state. Instead, they support a domain wall (DW)
[4], which is a topological soliton smoothly connecting the
two ground states. Since the two directions along the
symmetry axis are the only directions that are invariant
under spin rotations, a DW connecting those two states
necessarily breaks the U(1) symmetry, which signals the
possible existence of spin superfluidity in it.
Pursuing the idea, we study spin transport through a DW

in a two-dimensional easy-axis magnet, the main results of

which can be summarized as follows. First, we show that a
DW indeed can serve as a conduit for spin superfluid. The
spin supercurrent flowing through the DW is realized as a
spiraling spin texture lying within the plane perpendicular
to the easy axis. Second, we find that the associated phase
slips disturbing the spin supercurrent [5] are peculiar, in
that they accompany the creation or destruction of
Skyrmions [6], swirling spin textures wrapping the unit
sphere once, as a result of the conservation of the total
Skyrmion charge [7]. See Fig. 1 for schematic illustrations.
The DW thus can provide a good tool for generating and
detecting Skyrmions. Third, we show that the DW harbors
the emergent magnetic flux for magnons along its length
[8], whose density is proportional to the spin supercurrent

(a)

(c) (d)

(b)

FIG. 1. (a) An illustration of a DW stretched along the x
direction, which is carrying a spin supercurrent. (b) Mapping of
the spin texture in (a) onto the unit sphere, characterized by its
Skyrmion charge Q ¼ 1. (c) An illustration for the simplified
description of the DW using its vertical position Yðx; tÞ and in-
plane angle Φðx; tÞ. (d) Mapping of the DW state in (c) onto the
unit circle, characterized by its winding number w ¼ 1.
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[20]; 2λγ _Φ is the spin pumping from the magnet into the
metal, parametrized by the coefficient γ ≡ ℏg↑↓dz=4π with
g↑↓ the effective interfacial spin-mixing conductance [20]
and dz the thickness of the interface in the z direction; the
right-hand side is the spin current in the magnet evaluated
at the left interface. The equations (5) for the dynamics of
the DW in conjunction with the boundary conditions (6) are
completely analogous to those for the dynamics of one-
dimensional magnets with easy-plane anisotropy [2]. By
adopting the known results for the latter system [3], we
obtain the solution for the steady state of our system, which
precesses at the uniform frequency

_Φ≡Ω ¼ ϑ
γ þ γα=2

Il − Ir
2

ð7Þ

and carries the spin supercurrent

Is ¼ 2λ½ϑIl − ðγ þ αsxÞΩ&; ð8Þ

with γα ≡ αsL. These theoretical results for Ω and Is are
confirmed by micromagnetic simulations performed with
the aid of the software OOMMF [21]. See Supplemental
Material for the discussions on the simulation results [14].
The superfluid spin transport through a DW can be

probed experimentally in the following way proposed in
Ref. [3]. The uniform spin precession at the frequency Ω
induces the inverse spin Hall voltage in the metals,
ΔV ¼ '2λϑΩ ¼ '2λϑ2ðIl − IrÞ=½γð1þ L=LαÞ&, where
the upper (lower) sign corresponds to the left (right) metal
and Lα ≡ 2γ=αs is the crossover length. For a numerical
estimate, let us consider the nonlocal generation of the
voltage ΔV in the right metal due to the charge current Il in
the left metal. We take the following material parameters
for PtjYIGjPt compounds: λ ∼ 50 nm [22], s ∼ 10ℏ= nm3

[23], α ∼ 10−4, Θ ∼ 0.1, and g↑↓ ∼ 5= nm2 [24], which
yields the crossover length Lα ∼ 1 μm [3]. When using
dx ¼ 5 nm for the platinum geometry and Jl ¼ 1010 A=m2

for the charge-current density [24], we obtain jΔVj∼
5 × ð1þ L=LαÞ−1μV. The observation of the algebraic
dependence of ΔV on L can serve as evidence for the
superfluid spin transport.
Phase slips creating Skyrmions.—One-dimensional

superfluids are susceptible to dissipation; thermal and
quantum fluctuations engender finite resistance disturbing
the supercurrent via phase slips [5], to which the spin
supercurrent is not an exception [2,25]. We will describe a
topological aspect of the phase slips occurring to DW spin
superfluid in the DW, which is absent in conventional
superfluids. For the conceptual convenience of the dis-
cussion, we assume the periodic boundary conditions along
the x direction and the presence of one DW pinned at the
straight line y ¼ 0. Then the metastable state of the system
can be classified by the integer U(1) winding number of the
angle Φ along the DW:

w ¼ 1

2π

Z
dx∂xΦ: ð9Þ

The spin supercurrent sustained by the metastable state is
proportional to the winding number, Is ¼ −2πηw=L. Now,
let us consider the spin texture expanded over the two-
dimensional plane of the magnet. It covers the unit sphere
integer number of times, which is referred to as the
Skyrmion charge [6,26]:

Q ¼ 1

4π

Z
dxdyn · ∂xn × ∂yn: ð10Þ

For the metastable states, the Skyrmion charge is equal to
the winding number,Q ¼ w. For example, in Figs. 1(a) and
1(b), the spin texture departs from the north pole of the unit
sphere in the top of the magnet, covers the equator once
along the DW (i.e., w ¼ 1), and arrives at the south pole in
the bottom. The spin texture covers the unit sphere exactly
once, and thus it is classified by the Skyrmion charge
Q ¼ 1. This relation between the winding number and the
Skyrmion charge has been found by Kudryavtsev, Piette,
and Zakrzewski [27].
If spins do not fluctuate, the metastable state with the

nonzero winding number would be maintained indefinitely.
Magnets, however, generally experience thermal or quan-
tum fluctuations, which can drive transitions between
metastable states by changing the winding number via
phase slips. Because of the equivalence between the
winding number and the total Skyrmion charge of the
metastable states, a phase slip should create or destroy a
Skyrmion with the Skyrmion charge identical to the change
of the winding number. As an example, let us consider the
scenario illustrated schematically in Fig. 2, during which a
particlelike Skyrmion is produced. The initial metastable
state has the winding number w ¼ 1 and the Skyrmion
charge Q ¼ 1. Via the phase slip, the winding number
becomes zero w ¼ 0, and the associated loss of the
Skyrmion charge drifts away from the DW and leaves
the magnet through the boundary.
Phase slips can be inferred by measuring the induced

voltages in the proximate metals. See Fig. 3(a) for an
experimental setup in which two normal metals are

(a) (b) (c)

FIG. 2. A schematic illustration of a phase slip that decreases
the winding number w from 1 in the initial state (a) to 0 in the
final state (c) via the intermediate state (b), in which w is not well
defined. (c) An isolated Skyrmion with the Skyrmion chargeQ ¼
Δw ¼ 1 leaves the ferromagnet through the boundary.
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spin superfluid transport as a probe of quantum 
phases inaccessible to charge probes

phase slip rates as a probe of collective 
thermal/quantum fluctuations

superfluidity along 1D conduits that 
are themselves topological defects
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Spin superfluidity, i.e., coherent spin transport mediated by topologically stable textures, is limited by parasitic
anisotropies rooted in relativistic interactions and spatial inhomogeneities. Since structural disorder in amorphous
magnets can average out the effect of these undesired couplings, we propose this class of materials as platforms
for superfluid spin transport. We establish nonlinear equations describing the hydrodynamics of spin in insulating
amorphous magnets, where the currents are defined in terms of coherent rotations of a noncollinear texture.
Our theory includes dissipation and nonequilibrium torques at the interface with metallic reservoirs. This
framework allows us to determine different regimes of coherent dynamics and their salient features in nonlocal
magnetotransport measurements. Our work paves the way for future studies on macroscopic spin dynamics in
materials with frustrated interactions.
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I. INTRODUCTION

The idea of low-dissipation, topologically protected spin
transport emphasized here does not rely on the condensa-
tion of particle-like degrees of freedom, like in conventional
mass/charge superfluidity, but on the orientational dynamics
ascribed to certain forms of magnetic order [1]. Systems
where both phenomena coexist are, for example, superfluid
3He [2] and Bose-Einstein condensates of alkali atoms [3].
Recent advances in spintronics allow for the generation and
detection of spin supercurrents in solid-state systems. The
proposed platforms consist of electrically insulating easy-
plane (anti)ferromagnets [4–8], including the canted antifer-
romagnetic phase in the ν = 0 quantum Hall state of graphene
[9]. The spin superflow is hosted by a metastable spiraling
texture, whose dynamics can be triggered by spin-orbit torques
at an interface and subsequently detected via the reciprocal
pumping effects [5].

Akin to conventional superfluids, the collective spin flow
relies on the U(1) symmetry of the functional governing the
macroscopic dynamics. This symmetry, however, breaks down
in the presence of planar anisotropies. Collective macroscopic
transport is only possible beyond a certain current threshold, as
long as the strength of the easy-plane anisotropy exceeds that
of these detrimental perturbations [1,4]. Recent experimental
observations [10,11] suggest feasibility of such collective spin
transport in different classes of antiferromagnetic systems.
The practical importance of the U(1)-breaking anisotropies,
which are expected to be detrimental to spin conservation and
transport, however, is still not fully understood.

In this article, we exploit the fact that structural disorder
present in amorphous or polycrystalline materials can even-
tually frustrate these parasitic anisotropies in the exchange-
dominated limit for magnetic interactions. For example, strong
exchange interactions have been invoked to explain recent
nonlocal transport measurements in amorphous yttrium iron
garnet (YIG) [12]. We consider, in particular, noncollinear spin
textures below the freezing temperature that are smooth on
the (microscopic) scale of the grain size. This is the so-called

correlated spin glass (CSG) phase, which is schematically
depicted in Fig. 1(b) [13,14]. We describe the collective
spin dynamics in terms of a smoothly varying SO(3) order
parameter, subjected to topological constraints similar to those
of 3He-A [15] and the S = 1 ferromagnetic state of spinor
condensates [16]. The theory also applies to a broader class
of magnetically frustrated materials [17–19].

A. Correlated spin glass

Before we outline our main findings, let us describe the
physical scenario that we have in mind. The microscopic
interactions in amorphous magnets, particularly in rare-earth
transition-metal compounds, are usually described by the
Hamiltonian [20]

H = −J
∑

⟨ij⟩
Ŝi · Ŝj − D

∑

i

[ζ (r⃗i ) · Ŝi]2, (1)

where Ŝi are the spin operators at positions r⃗i , separated by
the atomic distance a (the lattice constant of the original,
crystallographic material). J and D measure the strength of
the exchange and anisotropy couplings, respectively. The sign
of J is not relevant at macroscopic scales as long as it stabilizes
a collinear state (ferro- or Néel antiferromagnetic) in the parent
crystalline material below the ordering temperature, Tc ∼ J .
For our discussion, let us assume J > 0, so the exchange
interaction tends to order the spins (red arrows in Fig. 1)
ferromagnetically. The unit-length vectors ζ (r⃗i ) indicate the
direction of the local anisotropy axis (dashed lines in Fig. 1)
defined by the atomic arrangement around r⃗i . We assume that
the structural disorder of the magnet remains quenched and
that ζ follows a random distribution with no special preferred
direction, ⟨ζ ⟩ = 0. The components of these vectors can be
correlated over a few atomic sites, within the crystal grains of
typical size Ra, ⟨ζα (r⃗i )ζβ (r⃗j )⟩ ∼ e−|r⃗i−r⃗j |2/2R2

a δαβ .
In the crystalline material, the spins would be ordered along

the uniform easy axis, with domain walls of characteristic
width δdw =

√
J/D a. Nevertheless, disorder in ζ breaks
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FIG. 2. Two-terminal geometries for the generation and detection of coherent spin transport in amorphous magnets. The precession of the
CSG state (red arrows) along the spin accumulation µ (green arrows) is depicted as a rotating triad of vectors, which represents the internal
spin frame of the texture adapted to the instantaneous state of the magnet. In the case of lateral contacts, there is a nonlocal correction to the
effective resistivity of the metals when the external circuit is closed in series (a1), whereas the texture remains static when the circuit is closed
in parallel (a2). This is just the other way around when the contacts are on top of the sample, since the sign of the drag changes in that case.

in short enough devices the spin currents are stable due to
the topology of the order-parameter manifold, the group of
proper rotations; in particular, current states are classified in
two distinct topological sectors. Spin supercurrents, however,
are only stabilized in the thermodynamic limit by additional
easy-plane anisotropies, i.e., when the random anisotropy
axes ζ lie predominantly within the plane of the film. This
anisotropy may arise due to applied/growth-induced strain or
electrical gating. In that case, the supercurrents decay through
thermally activated 4π -phase slips, which would be manifested
in nonlinear interference effects [29].

The rest of the article is structured as follows. In Sec. II,
we derive the Lagrangian describing the macroscopic spin dy-
namics in the CSG phase, from which Eqs. (3) are obtained. In
Sec. III, we apply these equations to study the linear response of
the systems in the two-terminal geometry of Fig. 2. Section IV
deals with the topological stability of the spin supercurrents
and their degradation by phase slips. Section V contains final
conclusions and suggestions for experiments. Some technical
details are given in Appendices A and B.

II. MACROSCOPIC DYNAMICS

The dynamics in the CSG phase is glassy, characterized by a
rough landscape of free-energy minima [30]. We are interested
only in nonequilibrium macroscopic deviations for which the
system remains within a given (local) minimum basin. The
latter is defined by the initial state G of (mutual) equilibrium
of the magnet in contact with metallic reservoirs and negligible
macroscopic magnetization. From this point forward, we
approximate the statistical averages in Eq. (2) by the (quantum-
mechanical) expectation value ⟨ς̂⟩G = Tr(ς̂ ρ̂G), where ρ̂G

represents the density-matrix operator of state G.
Following the conventional program in hydrodynamics

[31], we also consider states G′ = gG generated by the
symmetry operations that connect physically distinguishable
spin configurations with the same energy [32], i.e., the group
of proper rotations in the present case, g ∈ SO(3). Note that
there may be other states G′′ with approximately the same free
energy that are not connected to G by a proper rotation, for
example, a spatial or time inversion. We assume that these
states are disconnected by large free-energy barriers, so if

the system is initiated in G, there is a negligible probability
of reaching a different minimum basin G′′. Macroscopic
deviations from equilibrium are described then by ρ̂neq(t, r⃗ ) =
Û (t, r⃗ )ρ̂G Û †(t, r⃗ ), where Û (t, r⃗ ) is a slowly varying (in the
scale of Rc) SU(2) spin rotation.

A. Coarse-grained Lagrangian

Following Halperin and Saslow [33], we introduce the one-
body operator

R̂αβ (r⃗ ) ≡ 1
qNr⃗

∑

i∈Vr⃗

〈
Ŝ

β
i

〉
G
Ŝα

i . (6)

Here, Nr⃗ is the number of spins contained in Vr⃗ , the volume
element around r⃗ defining our coarse-graining procedure,
such that Nr⃗ ≡ Vr⃗ /(Rc )d ≫ 1. Note that we have divided
the above operator by the equilibrium value of the Edwards-
Anderson order parameter introduced in Eq. (2). For smooth
deviations we have ⟨R̂αβ (r⃗ )⟩neq = Rαβ (t, r⃗ ) + O(1/

√
Nr⃗ ),

where Rαβ (t, r⃗ ) are the matrix elements of the SO(3) rotation
associated with Û (t, r⃗ ). In order to describe the dynamics of
this order parameter, we have to introduce also auxiliary fields
related to the infinitesimal generators of spin rotations,

m̂(r⃗ ) ≡ h̄

Vr⃗

∑

i∈Vr⃗

Ŝi . (7)

By construction, the macroscopic spin density is zero at equi-
librium, ⟨m̂(r⃗ )⟩G = 0 + O(1/

√
Nr⃗ ), while nonequilibrium

deviations, ⟨m̂(r⃗ )⟩neq ≡ m(t, r⃗ ), vary smoothly on the scale
of Vr⃗ , |m(r⃗ )| ≪ s.

The dynamics of these variables is governed by the phase-
space Lagrangian density [34]

L[m, R̂] = m · ω − A
4

Tr[∂µR̂T ∂µR̂] − |m|2

2χ
, (8)

where summation over repeated spatial indices (µ) is implicit.
The first term enforces the conjugacy relations between R̂
and m, the latter playing the role of the canonical angular-
momentum density, m ≡ ∂L/∂ω [35]. The angular velocity is
defined through the equation of motion for the unitary rotation,
i∂t Û = (ω · Ŝ) Û ; introducing the associated SO(3) matrix and
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extending these ideas to richer 
noncollinear spin dynamics



General summary so far

• Exploiting topological flavors of collective excitations in solid state to establish nonequilibrium 
transport phenomena 

• Tailoring electrical means for their injection/detection 

• Using this transport as a general-purpose probe of materials and a starting point for developing 
practical functionalities
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A new promising materials platform for spin-winding dynamics: Mn3Sn(Ge)

Antiferromagnetic Weyl semimetal with planar (octupolar) 
spin texture free to rotate within the easy plane

Liu and Balents, PRL (2017)

substantial giant magnetic responses13–17 allowing for more efficient
detection of the antiferromagnetic state, while retaining the many
advantages of antiferromagnetic order. TheMn3X hosts a noncollinear
antichiral spin structure characterized by cluster magnetic octupole
order18,19. The magnetic octupole breaks the TRS and is equivalent to
themagnetic dipole degree of freedom, reversible under themagnetic
field (Fig. 1a).

The current-induced STTgiven by τSTT / ! _
2e ðjs # ∇Þm, alongwith

the dissipative counterpart (so called “β torque”), is well known for
driving domain-wall motion in ferromagnets (FMs) with slowly varying
magnetic structure, where m is a unit vector along the localized
magnetization direction and js the spin-polarized current density20.
However, this picture is not directly applicable to the atomistically
noncollinear AFMs because of the complex magnetic order. Recent
experiments indicate that the electrical current enables switching the
magnetic octupole domain21 and displacing the magnetic octupole
domain wall (MODW)22. Nevertheless, how efficiently an electric cur-
rent can trigger the MODW motion remains a mystery. Moreover, the
conventional spin-torque framework calls for a generalization to
describe the current-induced spin dynamics with noncollinear texture.

This work addresses the above issues: our magneto-optical Kerr
observation demonstrates the current-induced STT can accelerate the
Néel-like MODW of Mn3Ge up to 750m s−1 with a current density as
small as 7.56× 1010 Am−2 under no magnetic field (see the Supple-
mentary Video and Supplementary Section 1). The MODW exhibits
surprisingly high mobility with a remarkably small critical current
density. To shed some light on this, we invoked the s–d exchange
model23,24 to investigate microscopically the current-induced STT on
MODWs. The nonequilibrium spin density, which is as large as that
generated by spin-polarized current in FMs, can induce the effective
net torques on magnetic octupoles (Fig. 1b). It motivates us to for-
mulate a general phenomenological framework, which we believe
captures the structure of the current-induced coarse-grained dynam-
ics in our (nearly)magnetically compensated noncollinear system. The
small net magnetization, which is allowed by crystal symmetries and
used to define and probe magnetic octupole domains with conven-
tional means, will be neglected in this phenomenology.

Results
Experiments on current-driven MODW motion
To demonstrate current-driven MODW motion, we fabricated
micron-sized domain-wall conduits of single crystal Mn3X using a
focus ion beam (FIB) (Methods). We confirmed the quality of the FIB
device by comparing the MOKE hysteresis loops between the bulk
and FIB microfabricated samples (Supplementary Section 2). They
show the same hysteresis loops, indicating the FIB device keeps the
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Fig. 1 | Demonstration of current-driven MODW motion. a A pair of oppositely
aligned magnetic octupoles reversed by the magnetic field. The green arrows
denote magnetic octupole polarizations. b The illustration of effective torques
(τeff ) on magnetic octupoles generated by the nonequilibrium spin accumulation
( σh ineq) around the domain-wall region. c A representative device setup for the
current-driven MODWmotion. d The device MOKE image after the background
subtraction. The dashed square depicts the boundary of the sample. e, f The

sequence of the current-driven MODW creep motion under small j (e) and flow
motionunder large j (f).We use the j of 9.1 × 1010 Am−2, 1ms for the creation. The j is
set to 1.37 × 1010 Am−2, 2.5μs for the creepmotion in (e), and 6.64 × 1010 Am−2, 26 ns
for the flow motion in (f). The red arrows depict the domain boundaries. More
representative MOKE images of flow motion can be seen in Supplementary
Section 4.

Article https://doi.org/10.1038/s41467-024-48440-9

Nature Communications | ��������(2024)�15:4305� 2

Current-driven fast magnetic octupole 
domain-wall motion in noncollinear antiferromagnets

Wu, Otani, YT, et al., Nat. Comm. (2024)



Smooth driven octupole dynamics governed by energetics of winding:

The equations of motion are obtained from the free energy by recognizing canonical conjugacy of the 
in-plane angle    (a generalized coordinate) and the net out-of-plane spin density    (the associated 
conjugate momentum - being the generator of the xy planar spin rotations):
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Octupole domain-wall motion in Mn3X

We follow (and slightly extend) the picture developed by Liu and Balents [5], by assuming a
planar magnetic arrangement, whose local spin order is parametrized by angle ✓ 2 [0, 2⇡). The
dominant exchange interactions result in a noncollinear antiferromagnetic ground state, whose
moments fall into an octupolar planar arrangement [7]. The subleading Dzyaloshinski-Moryia
interactions define an easy (xy) plane for this spin arrangement, reducing symmetry to U(1) spin
rotations around z. This is further reduced by small ionic anisotropies, resulting in a six-fold
anisotropy within the xy plane, as well as a small in-plane net canting magnetic moment m. ✓ is
chosen to be along this moment. The corresponding free energy is

F [✓, ⇢] ⇡ A

2
(r✓)2 +

⇢2

2�
� � cos(n✓)�B · (m✓ + �⇢z) ,

where ⇢ is the net coarse-grained spin density along the z axis (including both localized and itin-
erant spins), A large exchange sti↵ness, � small spin susceptibility, � small six-fold anisotropy
(n = 6), B applied field, � gyromagnetic ratio, and ✓ = (cos ✓, sin ✓, 0). Realistically, a two-fold
anisotropy is likely to be induced by growth conditions and/or strain, exceeding �, in which case
the above n = 6 ! 2. The crystal structure allows for exchange anisotropies and a (very small) z
magnetization, which we suppress for notational simplicity. In the same spirit, we will focus on the
most isotropic and thus generic spin-transfer torque e↵ects, allowing to restore anisotropies later,
if needed. According to some arguments and estimates in Ref. [5], such anisotropies are expected
to be rather small in Mn3Sn/Ge.

The equations of motion are obtained from the above free energy by recognizing canonical
conjugacy of ✓ (a generalized coordinate) and ⇢ (the associated conjugate momentum - being the
generator of the xy planar spin rotations):

@t✓ =
@F

@⇢
=

⇢

�

and

@t⇢ = �@F

@✓
� @R

@✓̇
+ ⌧ = Ar2✓ � n� sin(n✓)� ↵s@t✓ + ⌧ .

Here, we have suppressed magnetic field and added Rayleigh dissipation R = ↵s(✓̇)2/2 in the form of
the Gilbert damping [3], where s is the saturation magnetization if all spins were (hypothetically)
aligned into a magnetic order. Owing to a small spin susceptibility (/ 1/A) suppressing the
dynamics of ⇢, we have only retained the damping of the softest planar variable ✓. Note that the
Gilbert damping results in the relaxation rate ↵s/� for the out-of-plane spin density. Finally, ⌧
is the spin torque (density) triggered by the applied current, to be constructed below. We are
not adding current-driven terms to the equation for @t✓, as it is generally expected to result in
the subleading e↵ects for low-frequency exchange-dominated dynamics [1]. Above equations are
generally nonlinear and should capture both spin-wave properties (with asymptotic sound velocity
c =

p
A/�) and domain-wall motion.

The most generic torque associated with planar order-parameter dynamics can be written as:

⌧ = ��sv ·r✓ ,

where v = j/ene (in terms of the applied current density j and itinerant electron density ne, to
normalize the bias into the units of velocity) and � is a nonuniversal dimensionless coe�cient
parametrizing a torque that is fully analogous to the dissipative torques associated with smooth

collinear texture dynamics [9] (sometimes referred to as the “nonadiabatic” torques). This, further-
more, matches the “convective” spin transfer discussed in Ref. [5], corresponding to the overdamped
(large ↵) limit of our dynamics, such that @t✓ ⇡ �(@✓F �⌧)/↵s (which we will not assume, keeping
our discussion more general, although it makes little di↵erence for steady domain-wall motion).
Combining the above torque with Gilbert damping results in the following addition to the bare
Hamilton’s equations (i.e., those that follow directly from the free energy):

@t⇢ ! �↵sDt✓ ,

where Dt ⌘ @t + ⌘ v · r is a generalized advective derivative parametrized by a dimensionless
parameter ⌘ ⌘ �/↵.

We can understand heuristically the replacement of the partial, @t, with advective, Dt, deriva-
tives, in the presence of a DC current, by boosting to the frame of reference co-moving with the
drifting electrons: This modifies the spin transfer from the environment into the magnetic sys-
tem by replacing bare temporal derivative with the advective one in Gilbert damping. In this
picture, we are thinking of Gilbert damping as the main linkage between our magnetic dynamics
and the dissipative environment. Since the crystalline environment clearly violates such Galilean
invariance, ⌘ 6= 1, in general, while the overall phenomenological structure is still maintained (on
the basic symmetry grounds). Such arguments have been invoked in the past for current-driven
ferromagnetic dynamics [2], which proved qualitatively insightful in understanding current-driven
domain-wall motion [10]. The key microscopic modeling challenge is thus in calculating the value
of the parameter ⌘ (as well as Gilbert damping ↵ in the first place), which is a nontrivial task
even in simple ferromagnetic models [11, 4]. In particular, while in rudimentary models, ⌘ ⇠ 1,
it is understood that ⌘ is very sensitive to modeling of disorder and spin relaxation, requiring in
practice a systematic diagrammatic treatment [8]. Our work motivates extending this endeavor to
noncollinear magnetic systems.

Analyzing the above equations of motion, in the presence of an applied current, we can establish
the steady-state velocity of the domain wall (neglecting any extrinsic pinning e↵ects) by balancing
dissipation with the work done by the spin torque:

@tF = @t✓ @✓F + @t⇢ @⇢F = �↵s@t✓Dt✓ .

Integrating it over space and setting to zero [in the steady state of a domain wall sliding with a
fixed profile, ✓ ! ✓(r � ut), thus below any kind of Walker breakdown [6], which we generally do
not expect for exchange-coupled antiferromagnetic systems], we find for the total dissipation power
plus work:

P = �↵s

Z
d3r(u ·r✓)[(u� ⌘v) ·r✓)] .

Setting P ! 0 gives
u = ⌘v .

Going faster dissipates energy while going slower would put a net positive work into the magnetic
texture, thus accelerating the domain wall.
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F [✓, ⇢] ⇡ A

2
(r✓)2 +

⇢2

2�
� � cos(n✓)�B · (m✓ + �⇢z) ,

where ⇢ is the net coarse-grained spin density along the z axis (including both localized and itin-
erant spins), A large exchange sti↵ness, � small spin susceptibility, � small six-fold anisotropy
(n = 6), B applied field, � gyromagnetic ratio, and ✓ = (cos ✓, sin ✓, 0). Realistically, a two-fold
anisotropy is likely to be induced by growth conditions and/or strain, exceeding �, in which case
the above n = 6 ! 2. The crystal structure allows for exchange anisotropies and a (very small) z
magnetization, which we suppress for notational simplicity. In the same spirit, we will focus on the
most isotropic and thus generic spin-transfer torque e↵ects, allowing to restore anisotropies later,
if needed. According to some arguments and estimates in Ref. [5], such anisotropies are expected
to be rather small in Mn3Sn/Ge.

The equations of motion are obtained from the above free energy by recognizing canonical
conjugacy of ✓ (a generalized coordinate) and ⇢ (the associated conjugate momentum - being the
generator of the xy planar spin rotations):

@t✓ =
@F

@⇢
=

⇢

�

and

@t⇢ = �@F

@✓
� @R

@✓̇
+ ⌧ = Ar2✓ � n� sin(n✓)� ↵s@t✓ + ⌧ .

Here, we have suppressed magnetic field and added Rayleigh dissipation R = ↵s(✓̇)2/2 in the form of
the Gilbert damping [3], where s is the saturation magnetization if all spins were (hypothetically)
aligned into a magnetic order. Owing to a small spin susceptibility (/ 1/A) suppressing the
dynamics of ⇢, we have only retained the damping of the softest planar variable ✓. Note that the
Gilbert damping results in the relaxation rate ↵s/� for the out-of-plane spin density. Finally, ⌧
is the spin torque (density) triggered by the applied current, to be constructed below. We are
not adding current-driven terms to the equation for @t✓, as it is generally expected to result in
the subleading e↵ects for low-frequency exchange-dominated dynamics [1]. Above equations are
generally nonlinear and should capture both spin-wave properties (with asymptotic sound velocity
c =

p
A/�) and domain-wall motion.

The most generic torque associated with planar order-parameter dynamics can be written as:

⌧ = ��sv ·r✓ ,

where v = j/ene (in terms of the applied current density j and itinerant electron density ne, to
normalize the bias into the units of velocity) and � is a nonuniversal dimensionless coe�cient
parametrizing a torque that is fully analogous to the dissipative torques associated with smooth

collinear texture dynamics [9] (sometimes referred to as the “nonadiabatic” torques). This, further-
more, matches the “convective” spin transfer discussed in Ref. [5], corresponding to the overdamped
(large ↵) limit of our dynamics, such that @t✓ ⇡ �(@✓F �⌧)/↵s (which we will not assume, keeping
our discussion more general, although it makes little di↵erence for steady domain-wall motion).
Combining the above torque with Gilbert damping results in the following addition to the bare
Hamilton’s equations (i.e., those that follow directly from the free energy):

@t⇢ ! �↵sDt✓ ,

where Dt ⌘ @t + ⌘ v · r is a generalized advective derivative parametrized by a dimensionless
parameter ⌘ ⌘ �/↵.

We can understand heuristically the replacement of the partial, @t, with advective, Dt, deriva-
tives, in the presence of a DC current, by boosting to the frame of reference co-moving with the
drifting electrons: This modifies the spin transfer from the environment into the magnetic sys-
tem by replacing bare temporal derivative with the advective one in Gilbert damping. In this
picture, we are thinking of Gilbert damping as the main linkage between our magnetic dynamics
and the dissipative environment. Since the crystalline environment clearly violates such Galilean
invariance, ⌘ 6= 1, in general, while the overall phenomenological structure is still maintained (on
the basic symmetry grounds). Such arguments have been invoked in the past for current-driven
ferromagnetic dynamics [2], which proved qualitatively insightful in understanding current-driven
domain-wall motion [10]. The key microscopic modeling challenge is thus in calculating the value
of the parameter ⌘ (as well as Gilbert damping ↵ in the first place), which is a nontrivial task
even in simple ferromagnetic models [11, 4]. In particular, while in rudimentary models, ⌘ ⇠ 1,
it is understood that ⌘ is very sensitive to modeling of disorder and spin relaxation, requiring in
practice a systematic diagrammatic treatment [8]. Our work motivates extending this endeavor to
noncollinear magnetic systems.

Analyzing the above equations of motion, in the presence of an applied current, we can establish
the steady-state velocity of the domain wall (neglecting any extrinsic pinning e↵ects) by balancing
dissipation with the work done by the spin torque:

@tF = @t✓ @✓F + @t⇢ @⇢F = �↵s@t✓Dt✓ .

Integrating it over space and setting to zero [in the steady state of a domain wall sliding with a
fixed profile, ✓ ! ✓(r � ut), thus below any kind of Walker breakdown [6], which we generally do
not expect for exchange-coupled antiferromagnetic systems], we find for the total dissipation power
plus work:

P = �↵s

Z
d3r(u ·r✓)[(u� ⌘v) ·r✓)] .

Setting P ! 0 gives
u = ⌘v .

Going faster dissipates energy while going slower would put a net positive work into the magnetic
texture, thus accelerating the domain wall.
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Octupole domain-wall motion in Mn3X

We follow (and slightly extend) the picture developed by Liu and Balents [5], by assuming a
planar magnetic arrangement, whose local spin order is parametrized by angle ✓ 2 [0, 2⇡). The
dominant exchange interactions result in a noncollinear antiferromagnetic ground state, whose
moments fall into an octupolar planar arrangement [7]. The subleading Dzyaloshinski-Moryia
interactions define an easy (xy) plane for this spin arrangement, reducing symmetry to U(1) spin
rotations around z. This is further reduced by small ionic anisotropies, resulting in a six-fold
anisotropy within the xy plane, as well as a small in-plane net canting magnetic moment m. ✓ is
chosen to be along this moment. The corresponding free energy is
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where ⇢ is the net coarse-grained spin density along the z axis (including both localized and itin-
erant spins), A large exchange sti↵ness, � small spin susceptibility, � small six-fold anisotropy
(n = 6), B applied field, � gyromagnetic ratio, and ✓ = (cos ✓, sin ✓, 0). Realistically, a two-fold
anisotropy is likely to be induced by growth conditions and/or strain, exceeding �, in which case
the above n = 6 ! 2. The crystal structure allows for exchange anisotropies and a (very small) z
magnetization, which we suppress for notational simplicity. In the same spirit, we will focus on the
most isotropic and thus generic spin-transfer torque e↵ects, allowing to restore anisotropies later,
if needed. According to some arguments and estimates in Ref. [5], such anisotropies are expected
to be rather small in Mn3Sn/Ge.

The equations of motion are obtained from the above free energy by recognizing canonical
conjugacy of ✓ (a generalized coordinate) and ⇢ (the associated conjugate momentum - being the
generator of the xy planar spin rotations):
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Here, we have suppressed magnetic field and added Rayleigh dissipation R = ↵s(✓̇)2/2 in the form of
the Gilbert damping [3], where s is the saturation magnetization if all spins were (hypothetically)
aligned into a magnetic order. Owing to a small spin susceptibility (/ 1/A) suppressing the
dynamics of ⇢, we have only retained the damping of the softest planar variable ✓. Note that the
Gilbert damping results in the relaxation rate ↵s/� for the out-of-plane spin density. Finally, ⌧
is the spin torque (density) triggered by the applied current, to be constructed below. We are
not adding current-driven terms to the equation for @t✓, as it is generally expected to result in
the subleading e↵ects for low-frequency exchange-dominated dynamics [1]. Above equations are
generally nonlinear and should capture both spin-wave properties (with asymptotic sound velocity
c =

p
A/�) and domain-wall motion.

The most generic torque associated with planar order-parameter dynamics can be written as:

⌧ = ��sv ·r✓ ,

where v = j/ene (in terms of the applied current density j and itinerant electron density ne, to
normalize the bias into the units of velocity) and � is a nonuniversal dimensionless coe�cient
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current-induced spin-transfer torque:                         where

results in net (dissipation plus work) power

in terms of advective derivative                             where

looking for rigid translations                      and setting steady-state power

we finally get for the domain-wall velocity



Next steps: generalizations and broader themes

• Going beyond superfluid-like planar winding
- Dimensionality-dependent generalizations: vortices, baby (2D) skyrmions, hedgehogs, 

Shankar (3D) skyrmions, hopfions etc. 

• Classifications based on topology vs differential geometry
- Conservation laws based on topological invariance (absolute vs relative homotopies) vs 

generalized Stokes’ theorems 

• Curved geometries as a structural handle on symmetries 
- Do the conservation laws survive nontrivial shapes? Can we exploit it? 

• What about thermal and quantum fluctuations? 
- Local vs nonlocal topological flavors, quantum spin-lattice constructions and field theory 

• Non-Abelian topological flavors 
- Can we nucleate and transport topological charges that cannot be counted?



Nature is replete with rich topological structures

Kibble-Zurek mechanism in nematics

Magnetic flux ropes in sun coronaRib vortices in ocean waves

Crystalline defects

Unifying themes for their studies and utilization?



⌧ = ⌘M ·m(J ·r)m
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spin torque by the input current at the left interface:

M / z
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m(x, y, t)
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- magnetization of the metal contact

- magnetic texture of the insulator

Topological Transport of Vorticity in Heisenberg Magnets
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We study a robust topological transport carried by vortices in a thin film of an easy-plane fer-
romagnetic insulator between two metal contacts. A vortex, which is a nonlocal topological spin
texture in two-dimensional magnets, exhibits some beneficial features as compared to skyrmions,
which are local topological defects. In particular, the total topological charge carried by vorticity
is robust against local fluctuations of the spin order-parameter magnitude. We show that an elec-
tric current in one of the magnetized metal contacts can pump vortices into the insulating bulk.
Di↵usion and nonlocal Coulomb-like interaction between these vortices will establish a steady-state
vortex flow. Vortices leaving the bulk produce an electromotive force at another contact, which is
related to the current-induced vorticity pumping by the Onsager reciprocity. The voltage signal de-
cays algebraically with the separation between two contacts, similarly to a superfluid spin transport.
Finally, the vorticity and closely related skyrmion type topological hydrodynamics are generalized
to arbitrary dimensions, in terms of nonsingular order-parameter vector fields.

Introduction.—Topology and geometry play an impor-
tant role in modern condensed matter physics [1]. Topo-
logical excitations, which are nonlinear order-parameter
textures are interesting physical objects both theoreti-
cally and experimentally [2]. Dynamics of these excita-
tions can result in conservation laws that do not result
from any symmetries of the system, but rather, derive
directly from their topology, rooted in the homotopic
properties of the associated fields. A magnetic insula-
tor is a rich platform to study various classes of topo-
logical excitations and their (hydro)dynamics. On the
practical flip side, we can exploit these topological ex-
citations to deliver information through charge insula-
tors more e↵ectively than using decaying quasiparticles,
such as phonons or magnons [3]. Chiral domain walls
in quasi-one-dimensional easy-plane (anti)ferromagnets
[4, 5], skyrmions in quasi-two-dimensional magnets [6],
and the winding of three-dimensional spin-glass textures
[7] have already been investigated extensively, in this con-
text.

Easy-plane magnets support topological excitations re-
ferred to as vortices. They are characterized by the
U(1) winding number, similar to superconducting vor-
tices, and thus are nonlocal, being immune to arbi-
trary local perturbations (or “surgeries,” in the jargon
of topologists). This makes them more robust for long-
ranged transport than the previously considered topo-
logical defects. In addition, their nonlocal nature en-
genders the Coulomb-like interaction, giving rise to a
finite-temperature Kosterlitz-Thouless transition. Also,
vortices are promising candidates for information and en-
ergy storage [8]. In this paper, we will develop the hy-
drodynamic picture of vortices and realize a superfluid-
like transport [4, 9–11], based on nonsingular textures in
easy-plane magnetic materials.

Main results and discussion.—To illustrate our key
findings, we focus on the two-terminal geometry of Fig. 1.

FIG. 1. A schematic for the proposed injection and detec-
tion of vortices. The electric current in the left magnetized
contact pumps vortices into the insulating bulk. The applied
voltage is Vin. The vortices leaving the system through the
right magnetized contact sustain the output voltage Vout. The
drag coe�cient Cd ⌘ Vout/Vin quantifies the e�ciency of the
topological vorticity transport.

An electric current in the left magnetic metal contact
with magnetization M exerts an adiabatic torque on the
spins of the film at the left boundary. For an appropriate
choice of M (polarized out of the plane), the work done
by the torque will energetically bias the vortex injection
into the bulk. By regarding these vortices as classical
objects, di↵usion and nonlocal Coulomb interactions [12]
will establish a steady-state distribution of vortex density
and its flow. This pumped vorticity will leave the sys-
tem and induce an electromotive force [13] at the right
contact, according to the Onsager-reciprocal process [14].
Using the drag coe�cient Cd ⌘ Vout/Vin to measure the
e�ciency of this topological transport, we find

Cd = (⇡⌘M)2�c�A/L , (1)

in the linear-response regime, when L ! 1 (so the
magnetic-insulator bulk dominates the impedance for the
vorticity flow). �c and � here are the conductivity of
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Energetics (thermodynamics) and symmetries:

charge current vortex flux

Ẇ =

Z
dy ⌧ · (m⇥ @tm) ! ⌘ z · J⇥ j
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~j

m(x, y, t)
<latexit sha1_base64="NDc5QjUtgNMdIl6vhrgFC8WJKnc=">AAACDXicbVDLSsNAFJ3UV62vVJduBotQoZREBF24KLhxWcE+oA1lMp20Q2cmYWaihtBv8Avc6he4E7d+gx/gfzhps7CtBy4czrmXezh+xKjSjvNtFdbWNza3itulnd29/QO7fNhWYSwxaeGQhbLrI0UYFaSlqWakG0mCuM9Ix5/cZH7ngUhFQ3Gvk4h4HI0EDShG2kgDu9znSI/9IOXT6lMtqemzgV1x6s4McJW4OamAHM2B/dMfhjjmRGjMkFI914m0lyKpKWZkWurHikQIT9CI9AwViBPlpbPoU3hqlCEMQmlGaDhT/16kiCuVcN9sZkHVspeJ/3m9WAdXXkpFFGsi8PxREDOoQ5j1AIdUEqxZYgjCkpqsEI+RRFibtha+JFkyNTW9uMstrJL2ed116u7dRaVxnTdUBMfgBFSBCy5BA9yCJmgBDB7BC3gFb9az9W59WJ/z1YKV3xyBBVhfv7lrnBI=</latexit><latexit sha1_base64="NDc5QjUtgNMdIl6vhrgFC8WJKnc=">AAACDXicbVDLSsNAFJ3UV62vVJduBotQoZREBF24KLhxWcE+oA1lMp20Q2cmYWaihtBv8Avc6he4E7d+gx/gfzhps7CtBy4czrmXezh+xKjSjvNtFdbWNza3itulnd29/QO7fNhWYSwxaeGQhbLrI0UYFaSlqWakG0mCuM9Ix5/cZH7ngUhFQ3Gvk4h4HI0EDShG2kgDu9znSI/9IOXT6lMtqemzgV1x6s4McJW4OamAHM2B/dMfhjjmRGjMkFI914m0lyKpKWZkWurHikQIT9CI9AwViBPlpbPoU3hqlCEMQmlGaDhT/16kiCuVcN9sZkHVspeJ/3m9WAdXXkpFFGsi8PxREDOoQ5j1AIdUEqxZYgjCkpqsEI+RRFibtha+JFkyNTW9uMstrJL2ed116u7dRaVxnTdUBMfgBFSBCy5BA9yCJmgBDB7BC3gFb9az9W59WJ/z1YKV3xyBBVhfv7lrnBI=</latexit><latexit sha1_base64="NDc5QjUtgNMdIl6vhrgFC8WJKnc=">AAACDXicbVDLSsNAFJ3UV62vVJduBotQoZREBF24KLhxWcE+oA1lMp20Q2cmYWaihtBv8Avc6he4E7d+gx/gfzhps7CtBy4czrmXezh+xKjSjvNtFdbWNza3itulnd29/QO7fNhWYSwxaeGQhbLrI0UYFaSlqWakG0mCuM9Ix5/cZH7ngUhFQ3Gvk4h4HI0EDShG2kgDu9znSI/9IOXT6lMtqemzgV1x6s4McJW4OamAHM2B/dMfhjjmRGjMkFI914m0lyKpKWZkWurHikQIT9CI9AwViBPlpbPoU3hqlCEMQmlGaDhT/16kiCuVcN9sZkHVspeJ/3m9WAdXXkpFFGsi8PxREDOoQ5j1AIdUEqxZYgjCkpqsEI+RRFibtha+JFkyNTW9uMstrJL2ed116u7dRaVxnTdUBMfgBFSBCy5BA9yCJmgBDB7BC3gFb9az9W59WJ/z1YKV3xyBBVhfv7lrnBI=</latexit><latexit sha1_base64="NDc5QjUtgNMdIl6vhrgFC8WJKnc=">AAACDXicbVDLSsNAFJ3UV62vVJduBotQoZREBF24KLhxWcE+oA1lMp20Q2cmYWaihtBv8Avc6he4E7d+gx/gfzhps7CtBy4czrmXezh+xKjSjvNtFdbWNza3itulnd29/QO7fNhWYSwxaeGQhbLrI0UYFaSlqWakG0mCuM9Ix5/cZH7ngUhFQ3Gvk4h4HI0EDShG2kgDu9znSI/9IOXT6lMtqemzgV1x6s4McJW4OamAHM2B/dMfhjjmRGjMkFI914m0lyKpKWZkWurHikQIT9CI9AwViBPlpbPoU3hqlCEMQmlGaDhT/16kiCuVcN9sZkHVspeJ/3m9WAdXXkpFFGsi8PxREDOoQ5j1AIdUEqxZYgjCkpqsEI+RRFibtha+JFkyNTW9uMstrJL2ed116u7dRaVxnTdUBMfgBFSBCy5BA9yCJmgBDB7BC3gFb9az9W59WJ/z1YKV3xyBBVhfv7lrnBI=</latexit>
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Topological spin-transfer drag driven by skyrmion diffusion
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We study the spin-transfer drag mediated by the Brownian motion of skyrmions. The essential idea is illustrated
in a two-terminal geometry, in which a thin film of a magnetic insulator is placed in between two metallic
reservoirs. An electric current in one of the terminals pumps topological charge into the magnet via a spin-transfer
torque. The charge diffuses over the bulk of the system as stable skyrmion textures. By Onsager’s reciprocity,
the topological charge leaving the magnet produces an electromotive force in the second terminal. The voltage
signal decays algebraically with the separation between contacts, in contrast to the exponential suppression of the
spin drag driven by nonprotected excitations like magnons. We show how this topological effect can be used as
a tool to characterize the phase diagram of chiral magnets and thin films with interfacial Dzyaloshinskii-Moriya
interactions.

DOI: 10.1103/PhysRevB.94.024431

I. INTRODUCTION

Magnetic insulators stand out as promising platforms for
spintronics devices due to the lack of energy dissipation by
Joule heating. Nevertheless, the transmission of information
encoded in the collective dynamics of localized spins is not
immune to losses due to the exchange of angular momentum
with itinerant electrons and the lattice. In condensed matter
systems, dissipationless transport is either sustained by a
superfluid ground state or driven by topological excitations.
Spin superfluidity has been extensively discussed in the
context of easy-plane magnetic insulators [1]. Long-ranged
spin transmission is supported by the coherent precession of
the order parameter within the easy plane of the magnet, which,
on the other hand, is not robust under perturbations breaking
the U(1) spin symmetry. Dissipationless spin transport can be
mediated also by the Brownian motion of solitons like, for
example, domain walls [2]. In that case, however, thermally
activated phase slip events [3] invalidate the topological
protection of domain walls’ chirality, imposing restrictions
on the geometry of the device. The aim of this paper is to
generalize the idea of spin transport mediated by solitons,
focusing on skyrmion textures in order to overcome these
limitations.

Magnetic skyrmions are characterized by a topological
index that labels the number of times that the local order
parameter wraps the unit sphere in spin space. This integer—
the skyrmion charge—remains unchanged as long as the
texture varies slowly. Due to its robustness, skyrmions are
promising candidates as building blocks for information
storage [4]. The observation of skyrmions in bulk [5,6] and
thin films [7,8] of chiral magnets, or in systems with interfacial
Dzyaloshinskii-Moriya interaction [9], together with the low
spin-polarized currents that are needed to move them [10] has
boosted the field in recent years.

Let us consider the two-terminal geometry depicted in
Fig. 1. A current in the left contact exerts a torque on the
order parameter of the film, favoring the injection of skyrmion
charge. The charge is topologically protected, so it diffuses
without losses over the bulk of the system as stable skyrmion
solitons, which eventually reach the right terminal. By the
reciprocal effect to the spin-transfer torque, the topological

charge leaving the system pumps itinerant spins into the right
metal, generating an electromotive force. The drag of spin
current is negative, contrary to frictional effects based on
linear momentum transfer. In the steady state and neglecting
boundary effects, the drag coefficient Cd ≡ IR/IL reduces to

Cd = −µρ0σ

(
2π!P

e

)2
d

L
. (1)

Here ρ0 is the concentration of skyrmions at the equilibrium, µ
is the longitudinal skyrmion mobility, and σ is the conductivity
of the metal contacts. The term between brackets must be
interpreted as the conversion factor between charge and spin
current, where P is a dimensionless parameter measuring the
efficiency of this conversion. The last factor is geometrical, d
and L being the thickness of the film and the distance between
terminals, respectively. Its origin is the following: On one
hand, the spin transfer and pumping effects are more efficient
as the surface of the interface grows; on the other, the drag
effect decays algebraically with the distance between contacts
due to the diffusion of the skyrmion charge. The latter is a

IL

MAGNETIC INSULATOR
METAL

CONTACT METAL
CONTACT

VIR

diffusion
x

yz

L

d

FIG. 1. Scheme for electrical injection and detection of
skyrmions. The electric current in the left terminal pumps skyrmion
charge into the magnet, which diffuses as stable solitons over the
system. The skyrmion charge leaving the system sustains a voltage
signal in the second terminal.
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Electrical injection/detection of vorticity provides an illuminating example
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FIG. 2. Leaky integrate-and-fire functionality of the neuron.
(a) The washboard potential. The angular order parameter
' of the neuron and its time derivative @t' are analogous
to the position and speed of a particle. Inset: The tilted
washboard potential where local minima become unstable.
(b) The firing and non-firing diagram depending on the input
rate ! and amplitude ⌫0 of the incoming train of angular
momentum kicks. Numerics are done with parameters !0 =
10 GHz and ⌘ = 5. (c) The time evolution of the order
parameter of the neuron '(t) simulated for samples marked
in the diagram. In each simulation, 20 pulses are sent to the
neuron until it fires.

time, are much less than t0). Thus ⌧(t) can be regarded
as composed of delta pulses, each elevates the canonical
momentum M by �M , and, as manifested by Eq. (4),
boosts @t' by ⌫0=�M/e�.

Take the example of an initially stationary state
trapped at '|t=0 =0, a sudden angular momentum kick
sets the initial condition @t'|t=0+ =⌫0 for the relaxation
process. As a train of topological charges coming in at
a rate !, the state ' wiggles gently as the e↵ect of each
kick fades, featuring a leaky integration. See Fig. 2(c).
Only with a su�ciently high input rate and/or large am-
plitude, can the signal pulses trigger the neuron to fire—
it then overcomes the energy barrier and falls into the
neighboring local minimum ' = ⇡. The dependence of
the firing or non-firing result on the rate and amplitude
of pulses is plotted in Fig. 2(b). When the neuron fires, it
experiences a phase jump of ⇡, whereas the phase deep in
the axon remains unchanged. A domain wall with topo-
logical charge ⇣=+1 is thus created on a time scale of t0,
entering the axon with a certain initial velocity, where-
after it triggers further actions in the network branches.

Another behavior of a biological neuron that we can
imitate is the bursting. In a bursting state, a neuron fires
repeatedly in groups separated by quiescent periods [71].
For our artificial neuron, a constant torque ⌧0 (such as
a spin transfer torque used in Ref. [45]) e↵ectively tilts

the washboard potential. This can cause repetitive fir-
ing once the torque exceeds a threshold where the lo-
cal minima become unstable. On average, the firing
rate is proportional to the tilting, r = ⌧0/⇡↵

eJ . As the
phase ' winds forward continuously, the neuron repeat-
edly switches between the two ground states.
Synapse.—A nonvolatile analog memory with an ad-

justable weight, as the key element of a synapse, is re-
alized in our proposal by an antiferromagnetic nanos-
trip (2) holding a metastable winding texture. We
define the dimensionless density of topological charges
w = N�/L as the synaptic weight, where N is the net
number of topological charges and L is the length of the
nanostrip, which is large enough (L � �) to allow us
to consider w as an essentially continuous variable. The
nanostrip is a one-dimensional thermodynamic system of
interacting topological charges, with chemical potential
µ = �F/�N , where F is its total free energy. The de-
pendence of the chemical potential µ on the topological-
charge density w is highly nonlinear. See Fig. 3 for the
plot of µ versus w at zero temperature, calculated for the
metastable ground-state textures of the Hamiltonian (2),
which are the solutions to the static sine-Gordon equa-
tion [68]. The chemical potential determines the leakage
rate of topological charges into the dendrite of the post-
synaptic neuron when the synapse is activated by a signal
from the presynaptic neuron. A higher chemical poten-
tial results in a stronger synaptic connection.
The right end of the synapse [see Fig. 1(a)] is initially

sealed by a strong anisotropy—a washboard potential for
the local order parameter �2, with a tilting proportional
to the chemical potential µ in the synapse. A topological
charge fired by presynaptic neuron arrives from a telo-
dendron at tpre, and activates the dynamics of �2. The
activation can be a result of either heating, which softens
the anisotropy, or a kinetic perturbation, which brings �2

��

���

��

� ��� ��� ��� ���

FIG. 3. The nonlinear dependence of the chemical potential
µ on the synaptic weight w, extracted from the metastable
ground-state textures. Inset: the magnetic textures and their
cos�(x) for two values of w. The texture becomes closer to
a uniform spiral as w approaches 1. The asymptote has the
analytical expression µ =

p
AK⇡2w.

winding in winding out

vorticity out

<latexit sha1_base64="gh9ZzRf/2vJoOBXIIYNii2wX4bE=">AAAB/nicZY/LSsNAFIYn9VbrLerSjdiNq5KoqAuFghuXFewFOiVMppN26NzITEpjCPgWvoE7cSe+iuBWn8OmRiX2X/2c75zD//uKUW0c580qLSwuLa+UVytr6xubW/b2TkvLKMSkiSWTYcdHmjAqSNNQw0hHhQRxn5G2P7rKeHtMQk2luDWxIj2OBoIGFCMzHXl2A4ZD6Y0vYRAinECOzNAPkrsU4r40UKHQUMS8yQ/gKTSUE/1L4j+SJlDR1LOrTs2ZaX/euLmpglwNz36AfYkjToTBDGnddR1lekn2HzOSVmCkiUJ4hAak2x9TpQWaBuglk1n5Ak8Q1zrm/twwy1j8FJngvJdQoSJDBC4exIEURmdN3P+5503rqOae1o5vTqr1i7xTGeyBA3AIXHAG6uAaNEATYPAC3sEH+LTurUfryXr+Xi1Z+c0uKMh6/QIPu5uK</latexit>

⇢v =
z · @xm⇥ @ym

⇡
<latexit sha1_base64="UYad7haJZ3HhtyJ0xvPMSHYq1mw=">AAACCnicZZC7TsMwFIadcivlFmBkQXRhqhJAwABSJRbGItGLVKeR4zrFre1YsVNRrLwBO+/BhtgQL8EbsMIT0JQCCv2nX+c75+g/J5CMKu04b1Zhbn5hcam4XFpZXVvfsDe3GipKYkzqOGJR3AqQIowKUtdUM9KSMUE8YKQZDC4y3hySWNFIXOuRJB5HPUFDipEel3wb9jvUH57DMEbYQCIVZZHoGNpPIUf6JgjNXQpxN9JQolhTxPz+D+Ap1JQT9Uv0H0kNlDT17bJTcSbanTXu1JTBVDXffoDdCCecCI0ZUqrtOlJ7JtuPGUlLMFFEIjxAPdLuDqlUAo0DeOZ28ogcN4grNeLBTDHLmN+U6PDUM1TIRBOB8wOjMBJaZZe4/3PPmsZBxT2uHF4dlatn05uKYAfsgX3gghNQBZegBuoAgxfwDj7Ap3VvPVpP1vN3a8GazmyDnKzXL9u6oPo=</latexit>

jiv =
✏ijz · @jm⇥ @tm

⇡

<latexit sha1_base64="FCZ6P2XG4M8AjfrwzsxCn5+dGy4=">AAAB5XicZU/LSsNAFL3xWesr6tKN2I0glETFulAouHFZwT6gE8JkMmnHTmZCZhIsIZ/gTnQlfoxb/QD/xqZmE3s293Du6xwv4kxpy/oxlpZXVtfWaxv1za3tnV1zb7+nZBIT2iWSy3jgYUU5E7SrmeZ0EMUUhx6nfW9yW/T7KY0Vk+JBTyPqhHgkWMAI1jPJNVsowrFmmLsaxWPppqfIk9xX03BWMiSwx3GOiC81CrEee0H2mLvpjeWaDatpzXG0SOySNKBExzXfkC9JElKhCcdKDW0r0k5WPCec5nWUKBphMsEjOvRTFimBQ6qc7GmesdLPcKgKgwti4bB6KdHBlZMxESWaClJdmAZSaJXPktj/fS+S3lnTvmye31802tdlphocwjGcgA0taMMddKALBN7hE77g2xgZz8aL8fo3umSUOwdQgfHxC2cxj28=</latexit>

@t⇢v +r · jv = 02D vorticity:

<latexit sha1_base64="uo/3WEH+TdY52yb4sj0JA3b4WJY=">AAABrnicZU89T8MwFHwuX6V8BRhZEF2YogQQMDBUYmEsiLSV2ihy3JfWqu1YsVNRRf0HrMBv499AS5aQm053757uYi24sZ73TRobm1vbO83d1t7+weGRc3zSM2meMQxYKtJsEFODgisMLLcCBzpDKmOB/Xj2uPL7c8wMT9WrXWgMJZ0onnBG7a/0MlpGTttzvTXO68QvSRtKdCPnazROWS5RWSaoMUPf0zYsaGY5E7hsjXKDmrIZneBwPOfaKCrRhMXbumzFL6g0ZiHjmiipnVY/5Ta5DwuudG5RsWpgkaTKmtUS/3/vOulduf6te/180+48lJuacAYXcAk+3EEHnqALATBI4B0+4JN4pEdCEv2dNkiZOYUKyPQHnfZ35w==</latexit>

}
<latexit sha1_base64="C0jWPC83IJuFZFhlTrQZTBKw28c=">AAAB9XicZU+5TsNAFFyHK4TLQEmDSEMV2QEBBUiRKKAMEjmkrGWtN+tklb3kXefA8ndQ0SE6xMdQIcG/EAcjFDLVvDfvmAkUo9o4zodVWFpeWV0rrpc2Nre2d+zdvaaWcYRJA0smo3aANGFUkIahhpG2igjiASOtYHCd6a0hiTSV4t5MFPE46gkaUozMtOXbNzDqS390BcMI4QRyZPpBmDykEHel+S15Cg3lREOFIkMR88d/SppUoaKpb5edijPD4SJxc1IGOeq+/Qi7EsecCIMZ0rrjOsp4SfYAM5KWYKyJQniAeqTTHVKlBZo68JLxLPOcniCu9YQHC83M5Pyl2IQXXkKFig0ReH5hEkphdJbE/e97kTSrFfescnJ3Wq5d5pmK4AAcgWPggnNQA7egDhoAg1fwDj7BlzWynqxn6+VntGDlO/tgDtbbN5ydl0I=</latexit>

⇢w =
z ·m⇥ @xm

2⇡
<latexit sha1_base64="50Y7RF1l9nUIsLzlAYtQgc0eAj8=">AAAB83icZU/LSsNAFL2pr1pfUZduxG7cWJIq6kKhIILLCvYBnRAm00kdnUyGzKRaQ77DhTtxJ36MS/VnbGoEY8/q3Hvu4xxPcqa0ZX0YpZnZufmF8mJlaXlldc1c32irMI4IbZGQh1HXw4pyJmhLM81pV0YUBx6nHe/2LNM7QxopFoorPZLUCfBAMJ8RrMct1zy/ce9O95AfYZKgAOtrz08eUkT6of4tgxRpFlCFJI40w9z9o6RJHUmWumbVqlkTbE8TOydVyNF0zUfUD0kcUKEJx0r1bEtqJ8keEE7TCooVlZjc4gHt9YdMKoHHDpzkfpK4oCc4UGoUeFPNzGTxUqz9YydhQsaaClJcGPmh0CpLYv/3PU3a9Zp9WNu/PKg2TvJMZdiCHdgFG46gARfQhBYQeIV3+IQvIzaejGfj5We0ZOQ7m1CA8fYNqWOWHA==</latexit>

jw = �z ·m⇥ @tm

2⇡

1D winding:

<latexit sha1_base64="uo/3WEH+TdY52yb4sj0JA3b4WJY=">AAABrnicZU89T8MwFHwuX6V8BRhZEF2YogQQMDBUYmEsiLSV2ihy3JfWqu1YsVNRRf0HrMBv499AS5aQm053757uYi24sZ73TRobm1vbO83d1t7+weGRc3zSM2meMQxYKtJsEFODgisMLLcCBzpDKmOB/Xj2uPL7c8wMT9WrXWgMJZ0onnBG7a/0MlpGTttzvTXO68QvSRtKdCPnazROWS5RWSaoMUPf0zYsaGY5E7hsjXKDmrIZneBwPOfaKCrRhMXbumzFL6g0ZiHjmiipnVY/5Ta5DwuudG5RsWpgkaTKmtUS/3/vOulduf6te/180+48lJuacAYXcAk+3EEHnqALATBI4B0+4JN4pEdCEv2dNkiZOYUKyPQHnfZ35w==</latexit>

} <latexit sha1_base64="ewDsHgbysumFjISEzIZMlkG691A=">AAAB5nicZU/LTsJAFL31ifiqunRjZIMhkFaNstCExI1LTOSR0DKZDgMMtNNJZwo0Db/gzrAzfoxb3fs3AjYxlbO4OTnnvo4jXCaVYXxra+sbm1vbmZ3s7t7+waF+dFyXfhgQWiO+6wdNB0vqMk5riimXNkVAsee4tOEMHxZ+Y0QDyXz+rCJBbQ/3OOsygtVcQnrZEjhQDLtIWYwrVGwXOhMr6PtoXMgP0LhdKC5q8eL+zx60IzRCes4oGUucrRIzITlIUEX6zOr4JPQoV8TFUrZMQyg7XlwnLp1mrVBSgckQ92irM2JCcuxRaceTZciUH2NPyshzVkQPq356U6i6ZTtmXISKcpIeiLo+V3I6T2L+/3uV1C9L5k3p6uk6V7lLMmXgFM4hDybcQgUeoQo1IPAGH/AJX1pfe9Fetdlv65qWzJxACtr7DyTQjbI=</latexit>

@t

Z +

�
dx⇢w + (j+w � j�w ) =

Z +

�
dxjyv

In terms of an arbitrary three-component vector field             :
<latexit sha1_base64="Jw4d1FZTVRdx2BunT2espv7+gfM=">AAACFHicbVDLSgMxFM3UV62vUTeCm2ARKkiZUVEXLgpuXFawD2iHkkkzbWiSGZKMUIbxM/wCt/oF7sStez/A/zDTjmCrBwKHc+7lnhw/YlRpx/m0CguLS8srxdXS2vrG5pa9vdNUYSwxaeCQhbLtI0UYFaShqWakHUmCuM9Iyx9dZ37rnkhFQ3GnxxHxOBoIGlCMtJF69l6XIz30g4SnlR8q02N91LPLTtWZAP4lbk7KIEe9Z391+yGOOREaM6RUx3Ui7SVIaooZSUvdWJEI4REakI6hAnGivGTygxQeGqUPg1CaJzScqL83EsSVGnPfTGYh1byXif95nVgHl15CRRRrIvD0UBAzqEOY1QH7VBKs2dgQhCU1WSEeIomwNqXNXBlnyVRqenHnW/hLmidV97x6entWrl3lDRXBPjgAFeCCC1ADN6AOGgCDB/AEnsGL9Wi9Wm/W+3S0YOU7u2AG1sc36dGfew==</latexit>

m(r, t)
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Qv =

Z
dxdy ⇢v ! 1

this charge is strictly quantized only 
when               and               on the 

boundary 
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mz = 0

the vorticity conservation 
law is valid either way!

what about topology?

vorticity conservation



Underlying homotopic structure captures the essence of winding/vorticity
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…in the strongly-ordered phase

Henri Poincaré

fundamental (homotopy) group              captures topologically distinct smooth 
textures in 1D or singular point defects in 2D
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⇡1(M)

2nd-order homotopy group              captures topologically distinct smooth 
textures in 2D or singular point defects in 3D
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⇡2(M)
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⇡1(S
2) = 0

no superflows (topologically 
stable textures) in 1D 
Heisenberg magnets



The elementary nontrivial cases are
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⇡1(S
1) = Z

easy-plane superflows in 
1D & vortices in 2D 

(superconductors or easy-
plane magnets)
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⇡2(S
2) = Z

skyrmions in 2D & 
hedgehogs in 3D 

(Heisenberg magnets)

fundamental (homotopy) group              captures topologically distinct smooth 
textures in 1D or singular point defects in 2D
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⇡1(M)

2nd-order homotopy group              captures topologically distinct smooth 
textures in 2D or singular point defects in 3D
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⇡2(M)



Topology or Stokes’ theorem?

The vorticity of a strongly fluctuating vector field               is governed by the Stokes’ theorem:
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m(r, t)
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oriented 
region in a manifold

oriented 
boundary
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FIG. 2. Sketch of the order parameter d via the orthonormal triad
{e1, e2, s} (left) and the bulk-edge correspondence between supercon-
ducting winding density w and skyrmion charge Q (right).

To illustrate the consequences of this physics, we propose
a minimal setup for a spin-triplet superconducting quantum
interference device (SQUID), shown in Fig. 1. Whereas spin-
singlet SQUIDs require a Josephson weak link, the spin-triplet
SQUID can undergo nonsingular 4π phase slips [5]. Read-
out can be performed by inductively coupling the spin-triplet
SQUID to a tank circuit and probing the supercurrent via
Oersted field measurements [31]. This can motivate a signa-
ture experiment for spin-polarized triplet superconductivity.
Finally, we discuss a more complete dynamical theory based
on Poisson brackets that preserves all topological constraints,
even in the presence of dissipation.

II. ORDER PARAMETER GEOMETRY

The link between charge and magnetic dynamics is rooted
in the structure of the d-vector order parameter. In the minimal
model of a fully spin-polarized triplet superconductor, the or-
der parameter can be expressed as d(r, t ) = d (e1 + ie2)/

√
2,

which is a complex vector field of modulus d ≡
√

d · d∗. The
orientational degrees of freedom of d are captured by

s = e1×e2, w = (∇e2) · e1. (1)

We infer that s is the spin-orientation field since it satisfies
the spin-commutation algebra (see Sec. IV below). Together
with e1 and e2, it forms the spatially varying orthonormal triad
{e1, e2, s}; see Fig. 2. In addition, w(r, t ) is the supercon-
ducting winding density [32], which tracks rotations of the d
vector about s [33,34]. The orientational degrees of freedom
s and w are the building blocks for our phenomenology. For
more details, see Appendix A.

The superconducting winding w and the spin-orientation
field s are related through Stokes’ theorem. For a two-
dimensional superconducting patch A, we find

W =
∫

∂A
dℓ · w =

∫

A
dA ϱsk(s), (2)

which has been written using the skyrmion density ϱsk(s) ≡
s · (∂xs × ∂ys). Equation (2) establishes a bulk-edge cor-
respondence between the integrated winding W along a
boundary ∂A and the skyrmion charge Q =

∫
A dA ϱsk/4π ;

see Fig. 2. As a skyrmion traverses the boundary ∂A, there
is a commensurate change in the superconducting winding.
This implies a topological continuity equation for magnetic
skyrmions, ∂tϱsk = −∇ · jsk, where jsk = s · [∂t s × (z × ∇)s]
is the skyrmion flux.

We note that the skyrmion continuity equation is also ful-
filled in conventional Heisenberg magnets, which have an S2

order parameter space. In that context, the continuity equa-
tion stems from the bulk homotopy π2(S2) = Z, rather than
from a Stokes’ theorem [35]. Therefore, those skyrmions are
local objects that may fluctuate in and out of existence if the
order parameter is allowed to vanish locally [36]. In contrast,
spin-triplet skyrmions do not follow from such an absolute
homotopy since π2[SO(3)] = 0. Instead, we topologically
classify them using the relative homotopy π2[SO(3), U(1)] =
Z, in which the bulk of the real-space domain (homeomor-
phic to a disk) can explore the full order parameter space
SO(3), while the boundary is restricted to U(1) [37–39], i.e.,
rotations of e1 and e2 about a fixed s. Therefore, the spin-
triplet skyrmions are inherently nonlocal objects determined
by the winding on the boundary and cannot be removed by
local surgery. This signifies that the skyrmions are coreless
vortices [40] that can exhibit long-range interactions [41] and
go hand in hand with nonsingular phase slips. A more formal
discussion of the relative homotopy and coreless vortices can
be found in Appendix B.

By driving a skyrmion flux transverse to an arbitrary
one-dimensional loop C (which may not necessarily be a
boundary), the superconducting winding can be tuned to ar-
bitrary values, a mechanism employed in Ref. [25]. This is
captured by δW =

∫
dt

∫
C dℓ jsk, where jsk ≡ s · (∂t s × ∂ℓs)

is the skyrmion flux directed towards the center of the loop,
with ℓ being the arc length. Fully moving a skyrmion across
the loop completes a 4π nonsingular phase slip. Formally,
these nonsingular phase slips are smooth deformations of the
d-vector field which preserve the topological sector of C, clas-
sified according to the edge homotopy π1[SO(3)] = Z2 [42].
When the spin texture is uniform along the loop, we recover
integer-valued winding of the superconducting phase, such
that W/2π ∈ Z. The two aforementioned topological sectors
correspond to the even and odd multiples of 2π winding [43].

III. SPIN-TRIPLET SQUID

The nonsingular phase slips rooted in the bulk-edge corre-
spondence of Eq. (2) can be leveraged to devise the spin-triplet
SQUID, which functions without a Josephson weak link. For
this, we consider a one-dimensional superconducting ring of
length L threaded by external axial magnetic flux localized
within the ring (shown in Fig. 1). For the simplest model, the
free energy F is constructed in terms of the soft modes, spin
orientation s, and winding density w = e1 · ∂ℓe2, as

F[s,w] =
∫

dℓ

[
A
2

(∂ℓs)2 + 1
2χw

(
w − qAℓ

h̄c

)2
]

, (3)

where, for the moment, we suppress the dependence on charge
density (per unit length) ρ. The first term is the spin ex-
change energy with spin stiffness A. The second term is the
superconducting winding energy, with χw being the winding
compressibility and q = −2e being the Cooper pair charge.

Minimal coupling of the superconducting winding
to the magnetic vector potential Aℓ gives rise to the
gauge-independent supercurrent, j = −cδAℓ

F = (q/h̄χw )
(w−qAℓ/h̄c). Assuming that the current fulfills the
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to a more topologically featureful space. As an illustrative case study, we focus on fully spin-polarized triplet
superconductors, which are underlied by the SO(3) d-vector order parameter. We find that a bulk-edge cor-
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facilitated by spin dynamics that trace out a magnetic skyrmion texture. Inductively coupling the device to a
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experimental signature of ferromagnetic spin-triplet superconductivity. Finally, we develop a general Poisson
bracket formalism to describe the intertwined spin and charge dynamics such that all topological constraints are
preserved, even in the presence of dissipation.
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I. INTRODUCTION

One of the most striking features of superconductivity is
the indefinite persistence of supercurrent in a closed loop,
which is rooted in the topological structure of the underlying
U(1) order parameter space [1–4]. Namely, the homotopic
classification π1[U(1)] = Z informs us that the phase wind-
ing along a closed superconducting loop is a topologically
protected quantity [4]. Hence, for U(1) superconductors, the
only means for the supercurrent (which stems from the spatial
phase gradient) to relax is via singular phase slip events where
the order parameter locally vanishes and the winding number
is allowed to change [5].

Singular phase slip processes can occur naturally in thin
superconducting nanowires [6,7] or can be facilitated by
weak links used, for example, in a superconducting quan-
tum interference device (SQUID) [8]. The resulting phase
slips give rise to a finite resistance, accompanied by (poten-
tially unwanted) dissipation of energy [5]. Here, we consider
nonsingular phase slips, in which the order parameter does
not vanish. Such processes can occur in superconductors
in which the order parameter space is enriched from U(1)
to a more complex space. Unconventional superconductor
candidates, such as uranium heavy-fermion compounds [9],
bilayer graphene [10–16], and ferromagnet-superconductor
heterostructures [9,17–19], may host such enriched order pa-
rameters [20–22].

In this work, we focus on ferromagnetic superconductors,
which we phenomenologically describe with hydrodynamic
variables: superconducting winding w(r), spin orientation

*These authors contributed equally to this work.

s(r), and charge density ρ(r). As a case study, we con-
sider a fully spin-polarized triplet superconductor which has
an SO(3) order parameter space. This can potentially be
realized in bilayer graphene as an s-wave, valley-singlet,
spin-triplet superconductor [13–15]. As dictated by the struc-
ture of the underlying d(r)-vector order parameter [23], the
hydrodynamic variables {ρ, s, w} are intertwined. Continu-
ous (nonsingular) changes in the supercurrent flow can be
facilitated by magnetic dynamics and, vice versa, manipu-
lation of the spin texture can give rise to charge dynamics
[24–28]. Specifically, we find a bulk-edge correspondence
linking the circulation of supercurrent to the bulk magnetic
skyrmions [24,25,29]. As a consequence, such spin-triplet su-
perconductors exhibit topological hydrodynamics of magnetic
skyrmions. These skyrmions can be understood as coreless
vortices [30] that initiate a nonsingular phase slip process.

FIG. 1. Superconducting ring (left) with the spin orientation field
s (red arrows), circulating supercurrent j (green arrow), and the
magnetic flux (blue arrow), coupled to a tank circuit.
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FIG. 2. Sketch of the order parameter d via the orthonormal triad
{e1, e2, s} (left) and the bulk-edge correspondence between supercon-
ducting winding density w and skyrmion charge Q (right).

To illustrate the consequences of this physics, we propose
a minimal setup for a spin-triplet superconducting quantum
interference device (SQUID), shown in Fig. 1. Whereas spin-
singlet SQUIDs require a Josephson weak link, the spin-triplet
SQUID can undergo nonsingular 4π phase slips [5]. Read-
out can be performed by inductively coupling the spin-triplet
SQUID to a tank circuit and probing the supercurrent via
Oersted field measurements [31]. This can motivate a signa-
ture experiment for spin-polarized triplet superconductivity.
Finally, we discuss a more complete dynamical theory based
on Poisson brackets that preserves all topological constraints,
even in the presence of dissipation.

II. ORDER PARAMETER GEOMETRY

The link between charge and magnetic dynamics is rooted
in the structure of the d-vector order parameter. In the minimal
model of a fully spin-polarized triplet superconductor, the or-
der parameter can be expressed as d(r, t ) = d (e1 + ie2)/

√
2,

which is a complex vector field of modulus d ≡
√

d · d∗. The
orientational degrees of freedom of d are captured by

s = e1×e2, w = (∇e2) · e1. (1)

We infer that s is the spin-orientation field since it satisfies
the spin-commutation algebra (see Sec. IV below). Together
with e1 and e2, it forms the spatially varying orthonormal triad
{e1, e2, s}; see Fig. 2. In addition, w(r, t ) is the supercon-
ducting winding density [32], which tracks rotations of the d
vector about s [33,34]. The orientational degrees of freedom
s and w are the building blocks for our phenomenology. For
more details, see Appendix A.

The superconducting winding w and the spin-orientation
field s are related through Stokes’ theorem. For a two-
dimensional superconducting patch A, we find

W =
∫

∂A
dℓ · w =

∫

A
dA ϱsk(s), (2)

which has been written using the skyrmion density ϱsk(s) ≡
s · (∂xs × ∂ys). Equation (2) establishes a bulk-edge cor-
respondence between the integrated winding W along a
boundary ∂A and the skyrmion charge Q =

∫
A dA ϱsk/4π ;

see Fig. 2. As a skyrmion traverses the boundary ∂A, there
is a commensurate change in the superconducting winding.
This implies a topological continuity equation for magnetic
skyrmions, ∂tϱsk = −∇ · jsk, where jsk = s · [∂t s × (z × ∇)s]
is the skyrmion flux.

We note that the skyrmion continuity equation is also ful-
filled in conventional Heisenberg magnets, which have an S2

order parameter space. In that context, the continuity equa-
tion stems from the bulk homotopy π2(S2) = Z, rather than
from a Stokes’ theorem [35]. Therefore, those skyrmions are
local objects that may fluctuate in and out of existence if the
order parameter is allowed to vanish locally [36]. In contrast,
spin-triplet skyrmions do not follow from such an absolute
homotopy since π2[SO(3)] = 0. Instead, we topologically
classify them using the relative homotopy π2[SO(3), U(1)] =
Z, in which the bulk of the real-space domain (homeomor-
phic to a disk) can explore the full order parameter space
SO(3), while the boundary is restricted to U(1) [37–39], i.e.,
rotations of e1 and e2 about a fixed s. Therefore, the spin-
triplet skyrmions are inherently nonlocal objects determined
by the winding on the boundary and cannot be removed by
local surgery. This signifies that the skyrmions are coreless
vortices [40] that can exhibit long-range interactions [41] and
go hand in hand with nonsingular phase slips. A more formal
discussion of the relative homotopy and coreless vortices can
be found in Appendix B.

By driving a skyrmion flux transverse to an arbitrary
one-dimensional loop C (which may not necessarily be a
boundary), the superconducting winding can be tuned to ar-
bitrary values, a mechanism employed in Ref. [25]. This is
captured by δW =

∫
dt

∫
C dℓ jsk, where jsk ≡ s · (∂t s × ∂ℓs)

is the skyrmion flux directed towards the center of the loop,
with ℓ being the arc length. Fully moving a skyrmion across
the loop completes a 4π nonsingular phase slip. Formally,
these nonsingular phase slips are smooth deformations of the
d-vector field which preserve the topological sector of C, clas-
sified according to the edge homotopy π1[SO(3)] = Z2 [42].
When the spin texture is uniform along the loop, we recover
integer-valued winding of the superconducting phase, such
that W/2π ∈ Z. The two aforementioned topological sectors
correspond to the even and odd multiples of 2π winding [43].

III. SPIN-TRIPLET SQUID

The nonsingular phase slips rooted in the bulk-edge corre-
spondence of Eq. (2) can be leveraged to devise the spin-triplet
SQUID, which functions without a Josephson weak link. For
this, we consider a one-dimensional superconducting ring of
length L threaded by external axial magnetic flux localized
within the ring (shown in Fig. 1). For the simplest model, the
free energy F is constructed in terms of the soft modes, spin
orientation s, and winding density w = e1 · ∂ℓe2, as

F[s,w] =
∫

dℓ

[
A
2

(∂ℓs)2 + 1
2χw

(
w − qAℓ

h̄c

)2
]

, (3)

where, for the moment, we suppress the dependence on charge
density (per unit length) ρ. The first term is the spin ex-
change energy with spin stiffness A. The second term is the
superconducting winding energy, with χw being the winding
compressibility and q = −2e being the Cooper pair charge.

Minimal coupling of the superconducting winding
to the magnetic vector potential Aℓ gives rise to the
gauge-independent supercurrent, j = −cδAℓ

F = (q/h̄χw )
(w−qAℓ/h̄c). Assuming that the current fulfills the
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FIG. 2. Sketch of the order parameter d via the orthonormal triad
{e1, e2, s} (left) and the bulk-edge correspondence between supercon-
ducting winding density w and skyrmion charge Q (right).

To illustrate the consequences of this physics, we propose
a minimal setup for a spin-triplet superconducting quantum
interference device (SQUID), shown in Fig. 1. Whereas spin-
singlet SQUIDs require a Josephson weak link, the spin-triplet
SQUID can undergo nonsingular 4π phase slips [5]. Read-
out can be performed by inductively coupling the spin-triplet
SQUID to a tank circuit and probing the supercurrent via
Oersted field measurements [31]. This can motivate a signa-
ture experiment for spin-polarized triplet superconductivity.
Finally, we discuss a more complete dynamical theory based
on Poisson brackets that preserves all topological constraints,
even in the presence of dissipation.

II. ORDER PARAMETER GEOMETRY

The link between charge and magnetic dynamics is rooted
in the structure of the d-vector order parameter. In the minimal
model of a fully spin-polarized triplet superconductor, the or-
der parameter can be expressed as d(r, t ) = d (e1 + ie2)/

√
2,

which is a complex vector field of modulus d ≡
√

d · d∗. The
orientational degrees of freedom of d are captured by

s = e1×e2, w = (∇e2) · e1. (1)

We infer that s is the spin-orientation field since it satisfies
the spin-commutation algebra (see Sec. IV below). Together
with e1 and e2, it forms the spatially varying orthonormal triad
{e1, e2, s}; see Fig. 2. In addition, w(r, t ) is the supercon-
ducting winding density [32], which tracks rotations of the d
vector about s [33,34]. The orientational degrees of freedom
s and w are the building blocks for our phenomenology. For
more details, see Appendix A.

The superconducting winding w and the spin-orientation
field s are related through Stokes’ theorem. For a two-
dimensional superconducting patch A, we find

W =
∫

∂A
dℓ · w =

∫

A
dA ϱsk(s), (2)

which has been written using the skyrmion density ϱsk(s) ≡
s · (∂xs × ∂ys). Equation (2) establishes a bulk-edge cor-
respondence between the integrated winding W along a
boundary ∂A and the skyrmion charge Q =

∫
A dA ϱsk/4π ;

see Fig. 2. As a skyrmion traverses the boundary ∂A, there
is a commensurate change in the superconducting winding.
This implies a topological continuity equation for magnetic
skyrmions, ∂tϱsk = −∇ · jsk, where jsk = s · [∂t s × (z × ∇)s]
is the skyrmion flux.

We note that the skyrmion continuity equation is also ful-
filled in conventional Heisenberg magnets, which have an S2

order parameter space. In that context, the continuity equa-
tion stems from the bulk homotopy π2(S2) = Z, rather than
from a Stokes’ theorem [35]. Therefore, those skyrmions are
local objects that may fluctuate in and out of existence if the
order parameter is allowed to vanish locally [36]. In contrast,
spin-triplet skyrmions do not follow from such an absolute
homotopy since π2[SO(3)] = 0. Instead, we topologically
classify them using the relative homotopy π2[SO(3), U(1)] =
Z, in which the bulk of the real-space domain (homeomor-
phic to a disk) can explore the full order parameter space
SO(3), while the boundary is restricted to U(1) [37–39], i.e.,
rotations of e1 and e2 about a fixed s. Therefore, the spin-
triplet skyrmions are inherently nonlocal objects determined
by the winding on the boundary and cannot be removed by
local surgery. This signifies that the skyrmions are coreless
vortices [40] that can exhibit long-range interactions [41] and
go hand in hand with nonsingular phase slips. A more formal
discussion of the relative homotopy and coreless vortices can
be found in Appendix B.

By driving a skyrmion flux transverse to an arbitrary
one-dimensional loop C (which may not necessarily be a
boundary), the superconducting winding can be tuned to ar-
bitrary values, a mechanism employed in Ref. [25]. This is
captured by δW =

∫
dt

∫
C dℓ jsk, where jsk ≡ s · (∂t s × ∂ℓs)

is the skyrmion flux directed towards the center of the loop,
with ℓ being the arc length. Fully moving a skyrmion across
the loop completes a 4π nonsingular phase slip. Formally,
these nonsingular phase slips are smooth deformations of the
d-vector field which preserve the topological sector of C, clas-
sified according to the edge homotopy π1[SO(3)] = Z2 [42].
When the spin texture is uniform along the loop, we recover
integer-valued winding of the superconducting phase, such
that W/2π ∈ Z. The two aforementioned topological sectors
correspond to the even and odd multiples of 2π winding [43].

III. SPIN-TRIPLET SQUID

The nonsingular phase slips rooted in the bulk-edge corre-
spondence of Eq. (2) can be leveraged to devise the spin-triplet
SQUID, which functions without a Josephson weak link. For
this, we consider a one-dimensional superconducting ring of
length L threaded by external axial magnetic flux localized
within the ring (shown in Fig. 1). For the simplest model, the
free energy F is constructed in terms of the soft modes, spin
orientation s, and winding density w = e1 · ∂ℓe2, as

F[s,w] =
∫

dℓ

[
A
2

(∂ℓs)2 + 1
2χw

(
w − qAℓ

h̄c

)2
]

, (3)

where, for the moment, we suppress the dependence on charge
density (per unit length) ρ. The first term is the spin ex-
change energy with spin stiffness A. The second term is the
superconducting winding energy, with χw being the winding
compressibility and q = −2e being the Cooper pair charge.

Minimal coupling of the superconducting winding
to the magnetic vector potential Aℓ gives rise to the
gauge-independent supercurrent, j = −cδAℓ

F = (q/h̄χw )
(w−qAℓ/h̄c). Assuming that the current fulfills the
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FIG. 2. Sketch of the order parameter d via the orthonormal triad
{e1, e2, s} (left) and the bulk-edge correspondence between supercon-
ducting winding density w and skyrmion charge Q (right).

To illustrate the consequences of this physics, we propose
a minimal setup for a spin-triplet superconducting quantum
interference device (SQUID), shown in Fig. 1. Whereas spin-
singlet SQUIDs require a Josephson weak link, the spin-triplet
SQUID can undergo nonsingular 4π phase slips [5]. Read-
out can be performed by inductively coupling the spin-triplet
SQUID to a tank circuit and probing the supercurrent via
Oersted field measurements [31]. This can motivate a signa-
ture experiment for spin-polarized triplet superconductivity.
Finally, we discuss a more complete dynamical theory based
on Poisson brackets that preserves all topological constraints,
even in the presence of dissipation.

II. ORDER PARAMETER GEOMETRY

The link between charge and magnetic dynamics is rooted
in the structure of the d-vector order parameter. In the minimal
model of a fully spin-polarized triplet superconductor, the or-
der parameter can be expressed as d(r, t ) = d (e1 + ie2)/

√
2,

which is a complex vector field of modulus d ≡
√

d · d∗. The
orientational degrees of freedom of d are captured by

s = e1×e2, w = (∇e2) · e1. (1)

We infer that s is the spin-orientation field since it satisfies
the spin-commutation algebra (see Sec. IV below). Together
with e1 and e2, it forms the spatially varying orthonormal triad
{e1, e2, s}; see Fig. 2. In addition, w(r, t ) is the supercon-
ducting winding density [32], which tracks rotations of the d
vector about s [33,34]. The orientational degrees of freedom
s and w are the building blocks for our phenomenology. For
more details, see Appendix A.

The superconducting winding w and the spin-orientation
field s are related through Stokes’ theorem. For a two-
dimensional superconducting patch A, we find

W =
∫

∂A
dℓ · w =

∫

A
dA ϱsk(s), (2)

which has been written using the skyrmion density ϱsk(s) ≡
s · (∂xs × ∂ys). Equation (2) establishes a bulk-edge cor-
respondence between the integrated winding W along a
boundary ∂A and the skyrmion charge Q =

∫
A dA ϱsk/4π ;

see Fig. 2. As a skyrmion traverses the boundary ∂A, there
is a commensurate change in the superconducting winding.
This implies a topological continuity equation for magnetic
skyrmions, ∂tϱsk = −∇ · jsk, where jsk = s · [∂t s × (z × ∇)s]
is the skyrmion flux.

We note that the skyrmion continuity equation is also ful-
filled in conventional Heisenberg magnets, which have an S2

order parameter space. In that context, the continuity equa-
tion stems from the bulk homotopy π2(S2) = Z, rather than
from a Stokes’ theorem [35]. Therefore, those skyrmions are
local objects that may fluctuate in and out of existence if the
order parameter is allowed to vanish locally [36]. In contrast,
spin-triplet skyrmions do not follow from such an absolute
homotopy since π2[SO(3)] = 0. Instead, we topologically
classify them using the relative homotopy π2[SO(3), U(1)] =
Z, in which the bulk of the real-space domain (homeomor-
phic to a disk) can explore the full order parameter space
SO(3), while the boundary is restricted to U(1) [37–39], i.e.,
rotations of e1 and e2 about a fixed s. Therefore, the spin-
triplet skyrmions are inherently nonlocal objects determined
by the winding on the boundary and cannot be removed by
local surgery. This signifies that the skyrmions are coreless
vortices [40] that can exhibit long-range interactions [41] and
go hand in hand with nonsingular phase slips. A more formal
discussion of the relative homotopy and coreless vortices can
be found in Appendix B.

By driving a skyrmion flux transverse to an arbitrary
one-dimensional loop C (which may not necessarily be a
boundary), the superconducting winding can be tuned to ar-
bitrary values, a mechanism employed in Ref. [25]. This is
captured by δW =

∫
dt

∫
C dℓ jsk, where jsk ≡ s · (∂t s × ∂ℓs)

is the skyrmion flux directed towards the center of the loop,
with ℓ being the arc length. Fully moving a skyrmion across
the loop completes a 4π nonsingular phase slip. Formally,
these nonsingular phase slips are smooth deformations of the
d-vector field which preserve the topological sector of C, clas-
sified according to the edge homotopy π1[SO(3)] = Z2 [42].
When the spin texture is uniform along the loop, we recover
integer-valued winding of the superconducting phase, such
that W/2π ∈ Z. The two aforementioned topological sectors
correspond to the even and odd multiples of 2π winding [43].

III. SPIN-TRIPLET SQUID

The nonsingular phase slips rooted in the bulk-edge corre-
spondence of Eq. (2) can be leveraged to devise the spin-triplet
SQUID, which functions without a Josephson weak link. For
this, we consider a one-dimensional superconducting ring of
length L threaded by external axial magnetic flux localized
within the ring (shown in Fig. 1). For the simplest model, the
free energy F is constructed in terms of the soft modes, spin
orientation s, and winding density w = e1 · ∂ℓe2, as

F[s,w] =
∫

dℓ

[
A
2

(∂ℓs)2 + 1
2χw

(
w − qAℓ

h̄c

)2
]

, (3)

where, for the moment, we suppress the dependence on charge
density (per unit length) ρ. The first term is the spin ex-
change energy with spin stiffness A. The second term is the
superconducting winding energy, with χw being the winding
compressibility and q = −2e being the Cooper pair charge.

Minimal coupling of the superconducting winding
to the magnetic vector potential Aℓ gives rise to the
gauge-independent supercurrent, j = −cδAℓ

F = (q/h̄χw )
(w−qAℓ/h̄c). Assuming that the current fulfills the
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spin-triplet SQUID 
(nonsingular phase slips: coreless vortices)

The topological fingerprints are contained here 
in the relative homotopy:

<latexit sha1_base64="JguKkNTm0LpSER4Gzax8X88ijZ4=">AAACJXicbVDNSsNAGNz4W+tf1aMegkVoQUpSpXoRil68WdG0xSSEzWbTLt38sLspltCLL6NXfQ9vInjyHXwCt20OtnVgYZj5vt3ZcWNKuNC0L2VhcWl5ZTW3ll/f2NzaLuzsNnmUMIQNFNGItV3IMSUhNgQRFLdjhmHgUtxye1cjv9XHjJMovBeDGNsB7ITEJwgKKTmFAysmTtW8uymdlI+Nkl62L6wAiq7rpg9Dp1DUKtoY6jzRM1IEGRpO4cfyIpQEOBSIQs5NXYuFnUImCKJ4mLcSjmOIerCDTUlDGGBup+NfDNUjqXiqHzF5QqGO1b8bKQw4HwSunBwl5LPeSPzPMxPhn9spCeNE4BBNHvITqopIHVWieoRhJOhAEogYkVlV1IUMIiGLm7rJ65OYZ6kfJ7HzsiR9tpJ50qxW9FqldntarF9mdeXAPjgEJaCDM1AH16ABDIDAE3gBr+BNeVbelQ/lczK6oGQ7e2AKyvcvxHCkjg==</latexit>

⇡2[SO(3), U(1)] = Z
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4⇡

Mermin-Ho relation (follows from Stokes’ theorem)

Absolute homotopy misses the associated 
conserved quantity since

free-energy is constructed in terms of 
physical and topological densities
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II. 2D VORTICITY (HYDRO)DYNAMICS

A. Classical vorticity dynamics

A three-component real vector field m = (mx, my, mz ) re-
siding in 2 + 1 dimensions, m(r, t ), realizes an R2 → R3

mapping, at any given time t . These spatial field textures
are devoid of point defects, as the fundamental homotopy
group of the order-parameter space m is trivial: π1(R3) = 1.
Such two-dimensional textures are, furthermore, all topolog-
ically equivalent, having fixed the boundary profile of m on
a connected patch of R2, which is reflected in the fact that
π2(R3) = 1. Despite this, a smooth vector field defines a
topological hydrodynamics governed by the continuity equa-
tion ∂µ jµ = 0 (with the Einstein summation implied over the
Greek letters: µ = 0, 1, 2 → t, x, y), where [11]

jµ ≡ ϵµνξ z · ∂νm × ∂ξ m
2π

. (1)

Here, z is the z-axis unit vector and ϵµνξ is the Levi-Civita
symbol.

For the special case of a rigid texture sliding at a velocity
v, for example: j = ρv, where ρ ≡ j0 and j = ( jx, jy). For
another special case of a sharp vortex in a strongly easy-plane
magnet with the planar order parameter normalized to unity,
|m| → 1: ρ ≈ δ(r − r0), where r0 is the position at which
m tilts out of the plane (over an appropriate healing length
defining the size of the core). These examples intuitively
suggest a fluid whose density is given by the distribution of
vorticity in the system. While in the extreme easy-plane case,
a vortex core carries a quantized topological charge, we do not
generally assume this special limit.

The above conserved quantity j0 can be recast as a ficti-
tious flux

ρ = z · ∇ × A
2π

(2)

associated with the gauge field

A = mx∇my − my∇mx . (3)

Applying Green’s theorem, we then see that the conserved
topological charge within a patch (,

Q ≡
∫

(

d2r ρ =
∮

∂(

dr · A
2π

=
∮

∂(

dφ

2π
m2

∥ , (4)

is associated with the order-parameter winding around its
boundary ∂(. m∥ is the field’s projection onto the xy plane
(within the order-parameter space) and φ is the associated
azimuthal angle. This reveals the geometrical meaning of the
conservation law: The charge Q in the bulk can change only
in response to a vorticity flow through the boundary.

B. Quantum vorticity dynamics

To construct a simple quantum theory, which reproduces
the above classical hydrodynamics of vorticity in the clas-
sical limit of h̄ → 0, let us consider a square lattice model
sketched in Fig. 1. We label each vertex of the lattice by
two integer indices: ı (along the x axis) and ȷ (along the y
axis). The same indices are used to label the square plaquettes,
according to their lower left corner, as well as the vertical
links going upward and the horizontal links to the right of the

ρıȷ

x (ı)

y (ȷ)

jx
ıȷ

jy
ıȷ

jy
ıȷ̃

jx
ı̃ȷ

Sıȷ

Sı̃ȷ̃

Sı̃ȷ

Sıȷ̃

FIG. 1. The quantum spin lattice described by an arbitrary
Hamiltonian H . Sıȷ is the spin operator at site ıȷ , with index ı (ȷ )
running along the x (y) axis. ı̃ = ı + 1 and ȷ̃ = ȷ + 1. ρıȷ is the
conserved topological charge per plaquette ıȷ , jx

ıȷ ( jy
ıȷ ) is the flux

per vertical (horizontal) link ıȷ , which together satisfy the quantum
continuity equation (10).

site ıȷ . Each site contains a quantum spin S = (Sx, Sy, Sz ),
of magnitude S (in units of h̄), characterized by the standard
angular-momentum algebra [Sa, Sb] = iϵabcSc.

We associate a charge density

ρıȷ ≡
Ax

ıȷ − Ax
ıȷ̃ + Ay

ı̃ȷ − Ay
ıȷ

2πa
(5)

to each plaquette, where a is the lattice spacing. Here, ı̃ ≡
ı + 1 and ȷ̃ ≡ ȷ + 1, and

Ax
ıȷ = z · (Sı̃ȷ + Sıȷ ) × (Sı̃ȷ − Sıȷ )

4aS2
+ H.c. = z · Sıȷ × Sı̃ȷ

aS2
,

Ay
ıȷ = z · (Sıȷ̃ + Sıȷ ) × (Sıȷ̃ − Sıȷ )

4aS2
+ H.c. = z · Sıȷ × Sıȷ̃

aS2
,

(6)
which we assign formally to the corresponding horizontal and
vertical sides of the plaquette, respectively. These definitions
mimic Eqs. (2) and (3), respectively, and should reproduce
them by coarse graining the magnetic textures in the classical
limit of S → ∞.

According to these definitions,

ρıȷ = z · cıȷ

2πa2
, where cıȷ ≡ 1

S2

∑

l

Sl × Sl̃ (7)

is the vector chirality of the corresponding plaquette, with the
sum running over the four vertices labeled by l (l̃ being the
vertex next to l , in the counterclockwise direction) [12]. We
also see [according to Eq. (5)] that

Q =
∑

ıȷ

ρıȷ (8)

vanishes in the bulk and reduces to the boundary terms, which
we can interpret as the quantum version of the vorticity (4).
This suggests a conservation law with the boundary fluxes
corresponding to the vorticity flow. Indeed, according to the
Heisenberg equation of motion (for Hamiltonian H and an
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• Vorticity per plaquette is given by the (z component of the) vector chirality: quantum version of 
the winding around the plaquette 

• For smooth classical textures, this reproduces the previous continuum version 
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⇢ı| =
z · cı|
2⇡a2
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cı| ⌘
1

S2

X

l

Sl ⇥ Sl̃where
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Quantum annealers offer another experimental platform

T < TKT
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vortices bind with antivortices: 
vorticity insulator

(anti)vortices unbind and proliferate: 
vorticity metal (two-component plasma)
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corresponding set of six perturbative ground states that require four-
qubit chains to be in delocalized superpositions of their computational 
basis states |↑↑↑↑  and ∣ ⟩↓↓↓↓ . Thus the addition of quantum fluct-
uations selects an ordered subset from the highly degenerate ground-
state manifold, reducing entropy and imposing long-range correlations; 

this phenomenon is a form of ‘order by disorder’4, and naturally divides 
the spins into three sublattices categorized by their magnetization in 
the six perturbative ground states. The sublattice magnetizations m1, 
m2 and m3, defined as the average of ⟨ ⟩σi

z  over spins in the sublattice, 
give a complex order parameter26

ψ = = + + /θ π/ π/m m m me ( e e ) 3 (3)i i i
1 2

2 3
3

4 3

In the absence of open boundary effects, ψ is simply the average of 
pseudospin ψj over all plaquettes in the system. Figure 1d, e shows 
pseudospins in the triangular lattice; a full explanation is given in the 
Methods.

In the square-octagonal lattice, we use the same order parame-
ter with the three sublattices defined according to the natural map-
ping: two FM-coupled spins must be in the same sublattice, and two 
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Fig. 2 | Topological features in the transverse-field Ising model. a, In 
the fully frustrated square-octagonal lattice, the spins of a classical state 
map naturally to a complex pseudospin field ψj on the plaquettes, revealing 
topological features. A swath of an output state from the QA processor, 
cropped at the top and bottom, is shown from this perspective, with arrows 
indicating values of ψj in the complex plane. Vortices and antivortices 
(marked in white) can be identified by the clockwise or anticlockwise 
winding of ψj along a closed clockwise path. These topological defects 
occur in the presence of all-up or all-down plaquettes and frustrated 
FM couplers. Unpaired vortices and antivortices can appear, owing 
to the open boundary. b, The phase diagram of the square-octagonal 
lattice in the temperature/transverse-field (T/Γ) plane is determined by 
QMC simulation on toroidal systems (see Methods). Below a disordered 
paramagnetic (PM) phase, an ordered region and a critical KT region 
with Γ > 0 are bounded by KT phase transitions; circles indicate one 
of two methods of determining the upper KT transition. The quantum 
processor follows an annealing schedule that passes through the KT 
region at sufficiently low temperature of about T < 9 mK. Experiments are 
performed between 8.4 mK and 21.4 mK.

Fig. 1 | Geometrically frustrated lattices. a, b, We study the fully 
frustrated square-octagonal (a) and triangular (b) lattices with cylindrical 
boundary condition and width L up to 15 (L = 6 shown). FM couplers 
(Jij = −1.8) are indicated with blue lines in a; AFM couplers (Jij = 1 except 
on the boundary, where Jij = 1/2) are indicated with red lines in a and b.  
c, Owing to the combination of frustration and superposition, the AFM 
triangle has six classical ground states and under a small transverse 
field has six perturbative ground states. These states map to complex 
pseudospins as shown, indicated with black and white circles, respectively 
(real and imaginary axes are indicated by ‘Re’ and ‘Im’, respectively). Spin 
states of up, down and transverse-field-aligned superposition are denoted 
by ↑, ↓ and →, respectively, in c and by red, blue and white circles in d and e.  
d, e, Each plaquette in the triangular lattice has a pseudospin (indicated 
by arrows) defined by the spins of the plaquette. In a perturbative ground 
state (d), all spins in a given sublattice (indicated by numbers) take the 
same state, and consequently all pseudospins have the same orientation. 
The state shown in e has a shift in pseudospin orientation, which 
corresponds to an excitation: the two yellow triangles are in a classical 
ground state but have no energetic contribution from qubits aligning with 
the transverse field. The pseudospins seen in d and e are indicated in c.
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Observation of topological phenomena in a 
programmable lattice of 1,800 qubits
Andrew D. King1*, Juan Carrasquilla2, Jack Raymond1, Isil Ozfidan1, Evgeny Andriyash1, Andrew Berkley1, Mauricio Reis1,  
Trevor Lanting1, Richard Harris1, Fabio Altomare1, Kelly Boothby1, Paul I. Bunyk1, Colin Enderud1, Alexandre Fréchette1,  
Emile Hoskinson1, Nicolas Ladizinsky1, Travis Oh1, Gabriel Poulin-Lamarre1, Christopher Rich1, Yuki Sato1,  
Anatoly Yu. Smirnov1, Loren J. Swenson1, Mark H. Volkmann1, Jed Whittaker1, Jason Yao1, Eric Ladizinsky1, Mark W. Johnson1, 
Jeremy Hilton1 & Mohammad H. Amin1,3

The work of Berezinskii, Kosterlitz and Thouless in the 1970s1,2 
revealed exotic phases of matter governed by the topological 
properties of low-dimensional materials such as thin films of 
superfluids and superconductors. A hallmark of this phenomenon 
is the appearance and interaction of vortices and antivortices in an 
angular degree of freedom—typified by the classical XY model—
owing to thermal fluctuations. In the two-dimensional Ising model 
this angular degree of freedom is absent in the classical case, but with 
the addition of a transverse field it can emerge from the interplay 
between frustration and quantum fluctuations. Consequently, 
a Kosterlitz–Thouless phase transition has been predicted in the 
quantum system—the two-dimensional transverse-field Ising 
model—by theory and simulation3–5. Here we demonstrate a large-
scale quantum simulation of this phenomenon in a network of 
1,800 in situ programmable superconducting niobium flux qubits 
whose pairwise couplings are arranged in a fully frustrated square-
octagonal lattice. Essential to the critical behaviour, we observe the 
emergence of a complex order parameter with continuous rotational 
symmetry, and the onset of quasi-long-range order as the system 
approaches a critical temperature. We describe and use a simple 
approach to statistical estimation with an annealing-based quantum 
processor that performs Monte Carlo sampling in a chain of reverse 
quantum annealing protocols. Observations are consistent with 
classical simulations across a range of Hamiltonian parameters. 
We anticipate that our approach of using a quantum processor as 
a programmable magnetic lattice will find widespread use in the 
simulation and development of exotic materials.

Richard Feynman’s vision of simulating quantum systems with a quan-
tum computer6,7 has motivated the field of quantum information since its 
inception. In the absence of large-scale programmable universal quan-
tum computers, advances in quantum simulation are bound by availa-
ble technology. Nevertheless, remarkable progress has been made using 
near-term approaches such as ultracold atoms8, superconducting qubits9, 
Bose–Einstein condensates10, trapped ions11 and quantum dots12, among 
others13. Owing to the possibility of noise-tolerant applications, quan-
tum simulation has been identified as an area of potential commercial 
value for near-term quantum computing technologies14,15. Quantum 
annealing (QA) processors16–18 can be used to simulate systems in the 
transverse-field Ising model (TFIM) described by the Hamiltonian

∑ ∑ ∑σ σ σ Γ σ= + −
<

H h J (1)
i

i i
z

i j
ij i

z
j
z

i
i
x

where hi are longitudinal fields, Jij are coupling terms, σi
x and σi

z  are 
Pauli matrices acting on the ith spin, and Γ is the transverse field. 
Evolution of this Hamiltonian in a low-temperature environment 
allows sampling of low-energy solutions, with applications to optimi-
zation and machine learning14,19,20. This in turn allows estimation of 

equilibrium statistics of various phases dictated by the parameters hi, 
Jij and Γ at a given temperature T.

Geometrically frustrated magnets21 are systems described by spin 
Hamiltonians with competing terms that cannot be minimized simul-
taneously. These systems give rise to a broad spectrum of exotic phases 
of matter. The TFIM exhibits a particular type of topological phenom-
enon on certain frustrated lattices: a Kosterlitz–Thouless (KT) phase 
transition separates a disordered paramagnetic phase from a phase in 
which complementary topological defects—vortices and antivortices—
form bound pairs, resulting in polynomial decay of correlations1,2,4. 
This phase transition has been predicted in theory and simulation, but 
to our knowledge never observed experimentally in the TFIM. Other 
KT phase transitions have, however, been observed in many systems 
including superconducting and superfluid films22, trapped atomic 
gases10 and hybrid tin–graphene Josephson junction arrays23.

Here we exhibit this phenomenon in a large-scale programmable 
quantum simulation. We perform this simulation using a superconduct-
ing QA processor consisting of 2,048 radio-frequency superconducting 
quantum interference device (SQUID) flux qubits fabricated as an inte-
grated circuit, in which the Hamiltonian terms hi and Jij are specified 
with programmable on-chip control circuitry16–18. The topology of the 
available non-zero coupling terms Jij consists of a regular bipartite grid. 
On this programmable substrate we define a sequence of fully frus-
trated square-octagonal lattices having a cylindrical boundary condi-
tion (Fig. 1a), with the largest system using 1,800 qubits (see Methods). 
This lattice features chains of four ferromagnetically coupled qubits. In 
the large ferromagnetic (FM) coupling limit, the low-energy description 
of this lattice follows the same Landau–Ginzburg–Wilson theory as 
the widely studied3–5,24–26 triangular antiferromagnetic (AFM) lattice 
(Fig. 1b). We therefore use the same analytic machinery, which is valu-
able even outside the large FM coupling, low-temperature limit.

Central to this analysis is a mapping from each plaquette in the tri-
angular lattice to a two-dimensional pseudospin that can be represented 
by a complex number ψj. This gives the local angular degree of freedom 
in which topological features, including vortices and antivortices, can 
emerge. To first-order perturbation in the small-Γ limit, an AFM tri-
angle has six degenerate ground states, each consisting of an up-spin 
(|↑ ), a down-spin (|↓ ), and a spin aligned with the transverse field 
(| → = |↑ + |↓ /( ) 2). These six ground states map to complex six-
state XY pseudospins (Fig. 1c) via the mapping
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As with a single AFM triangle, the triangular lattice has, to first-order 
perturbation, a six-fold-degenerate ground state. One-third of the spins 
align with the transverse field, one-third take spin-up and one-third 
take spin-down (Fig.  1d). The square-octagonal lattice has a 
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The work of Berezinskii, Kosterlitz and Thouless in the 1970s1,2 
revealed exotic phases of matter governed by the topological 
properties of low-dimensional materials such as thin films of 
superfluids and superconductors. A hallmark of this phenomenon 
is the appearance and interaction of vortices and antivortices in an 
angular degree of freedom—typified by the classical XY model—
owing to thermal fluctuations. In the two-dimensional Ising model 
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a Kosterlitz–Thouless phase transition has been predicted in the 
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annealing (QA) processors16–18 can be used to simulate systems in the 
transverse-field Ising model (TFIM) described by the Hamiltonian

∑ ∑ ∑σ σ σ Γ σ= + −
<

H h J (1)
i

i i
z

i j
ij i

z
j
z

i
i
x

where hi are longitudinal fields, Jij are coupling terms, σi
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Pauli matrices acting on the ith spin, and Γ is the transverse field. 
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zation and machine learning14,19,20. This in turn allows estimation of 
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tion (Fig. 1a), with the largest system using 1,800 qubits (see Methods). 
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the large ferromagnetic (FM) coupling limit, the low-energy description 
of this lattice follows the same Landau–Ginzburg–Wilson theory as 
the widely studied3–5,24–26 triangular antiferromagnetic (AFM) lattice 
(Fig. 1b). We therefore use the same analytic machinery, which is valu-
able even outside the large FM coupling, low-temperature limit.

Central to this analysis is a mapping from each plaquette in the tri-
angular lattice to a two-dimensional pseudospin that can be represented 
by a complex number ψj. This gives the local angular degree of freedom 
in which topological features, including vortices and antivortices, can 
emerge. To first-order perturbation in the small-Γ limit, an AFM tri-
angle has six degenerate ground states, each consisting of an up-spin 
(|↑ ), a down-spin (|↓ ), and a spin aligned with the transverse field 
(| → = |↑ + |↓ /( ) 2). These six ground states map to complex six-
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where the Ising exchange is set to one and the double sum runs over the nearest-neighbor sites,
� ⇠ 1 resolves the antiferromagnetic frustration by favoring one of the three sublattices to orient
in the x direction. A good low-energy ansatz is given by a (Néel-like) factorizeable state with the
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The winding density along each quasi-1D sequence of plaquettes is defined according to Eq. (1),
winding flow (in the x direction)—Eq. (4), and the parasitic transverse vorticity flow (in the y

direction)—Eq. (6). These definitions, along with the 2D Hamiltonian (17) provide the starting
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corresponding set of six perturbative ground states that require four-
qubit chains to be in delocalized superpositions of their computational 
basis states |↑↑↑↑  and ∣ ⟩↓↓↓↓ . Thus the addition of quantum fluct-
uations selects an ordered subset from the highly degenerate ground-
state manifold, reducing entropy and imposing long-range correlations; 

this phenomenon is a form of ‘order by disorder’4, and naturally divides 
the spins into three sublattices categorized by their magnetization in 
the six perturbative ground states. The sublattice magnetizations m1, 
m2 and m3, defined as the average of ⟨ ⟩σi

z  over spins in the sublattice, 
give a complex order parameter26

ψ = = + + /θ π/ π/m m m me ( e e ) 3 (3)i i i
1 2

2 3
3

4 3

In the absence of open boundary effects, ψ is simply the average of 
pseudospin ψj over all plaquettes in the system. Figure 1d, e shows 
pseudospins in the triangular lattice; a full explanation is given in the 
Methods.

In the square-octagonal lattice, we use the same order parame-
ter with the three sublattices defined according to the natural map-
ping: two FM-coupled spins must be in the same sublattice, and two 
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Fig. 2 | Topological features in the transverse-field Ising model. a, In 
the fully frustrated square-octagonal lattice, the spins of a classical state 
map naturally to a complex pseudospin field ψj on the plaquettes, revealing 
topological features. A swath of an output state from the QA processor, 
cropped at the top and bottom, is shown from this perspective, with arrows 
indicating values of ψj in the complex plane. Vortices and antivortices 
(marked in white) can be identified by the clockwise or anticlockwise 
winding of ψj along a closed clockwise path. These topological defects 
occur in the presence of all-up or all-down plaquettes and frustrated 
FM couplers. Unpaired vortices and antivortices can appear, owing 
to the open boundary. b, The phase diagram of the square-octagonal 
lattice in the temperature/transverse-field (T/Γ) plane is determined by 
QMC simulation on toroidal systems (see Methods). Below a disordered 
paramagnetic (PM) phase, an ordered region and a critical KT region 
with Γ > 0 are bounded by KT phase transitions; circles indicate one 
of two methods of determining the upper KT transition. The quantum 
processor follows an annealing schedule that passes through the KT 
region at sufficiently low temperature of about T < 9 mK. Experiments are 
performed between 8.4 mK and 21.4 mK.

Fig. 1 | Geometrically frustrated lattices. a, b, We study the fully 
frustrated square-octagonal (a) and triangular (b) lattices with cylindrical 
boundary condition and width L up to 15 (L = 6 shown). FM couplers 
(Jij = −1.8) are indicated with blue lines in a; AFM couplers (Jij = 1 except 
on the boundary, where Jij = 1/2) are indicated with red lines in a and b.  
c, Owing to the combination of frustration and superposition, the AFM 
triangle has six classical ground states and under a small transverse 
field has six perturbative ground states. These states map to complex 
pseudospins as shown, indicated with black and white circles, respectively 
(real and imaginary axes are indicated by ‘Re’ and ‘Im’, respectively). Spin 
states of up, down and transverse-field-aligned superposition are denoted 
by ↑, ↓ and →, respectively, in c and by red, blue and white circles in d and e.  
d, e, Each plaquette in the triangular lattice has a pseudospin (indicated 
by arrows) defined by the spins of the plaquette. In a perturbative ground 
state (d), all spins in a given sublattice (indicated by numbers) take the 
same state, and consequently all pseudospins have the same orientation. 
The state shown in e has a shift in pseudospin orientation, which 
corresponds to an excitation: the two yellow triangles are in a classical 
ground state but have no energetic contribution from qubits aligning with 
the transverse field. The pseudospins seen in d and e are indicated in c.
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corresponding set of six perturbative ground states that require four-
qubit chains to be in delocalized superpositions of their computational 
basis states |↑↑↑↑  and ∣ ⟩↓↓↓↓ . Thus the addition of quantum fluct-
uations selects an ordered subset from the highly degenerate ground-
state manifold, reducing entropy and imposing long-range correlations; 

this phenomenon is a form of ‘order by disorder’4, and naturally divides 
the spins into three sublattices categorized by their magnetization in 
the six perturbative ground states. The sublattice magnetizations m1, 
m2 and m3, defined as the average of ⟨ ⟩σi

z  over spins in the sublattice, 
give a complex order parameter26
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In the absence of open boundary effects, ψ is simply the average of 
pseudospin ψj over all plaquettes in the system. Figure 1d, e shows 
pseudospins in the triangular lattice; a full explanation is given in the 
Methods.

In the square-octagonal lattice, we use the same order parame-
ter with the three sublattices defined according to the natural map-
ping: two FM-coupled spins must be in the same sublattice, and two 
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the fully frustrated square-octagonal lattice, the spins of a classical state 
map naturally to a complex pseudospin field ψj on the plaquettes, revealing 
topological features. A swath of an output state from the QA processor, 
cropped at the top and bottom, is shown from this perspective, with arrows 
indicating values of ψj in the complex plane. Vortices and antivortices 
(marked in white) can be identified by the clockwise or anticlockwise 
winding of ψj along a closed clockwise path. These topological defects 
occur in the presence of all-up or all-down plaquettes and frustrated 
FM couplers. Unpaired vortices and antivortices can appear, owing 
to the open boundary. b, The phase diagram of the square-octagonal 
lattice in the temperature/transverse-field (T/Γ) plane is determined by 
QMC simulation on toroidal systems (see Methods). Below a disordered 
paramagnetic (PM) phase, an ordered region and a critical KT region 
with Γ > 0 are bounded by KT phase transitions; circles indicate one 
of two methods of determining the upper KT transition. The quantum 
processor follows an annealing schedule that passes through the KT 
region at sufficiently low temperature of about T < 9 mK. Experiments are 
performed between 8.4 mK and 21.4 mK.
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frustrated square-octagonal (a) and triangular (b) lattices with cylindrical 
boundary condition and width L up to 15 (L = 6 shown). FM couplers 
(Jij = −1.8) are indicated with blue lines in a; AFM couplers (Jij = 1 except 
on the boundary, where Jij = 1/2) are indicated with red lines in a and b.  
c, Owing to the combination of frustration and superposition, the AFM 
triangle has six classical ground states and under a small transverse 
field has six perturbative ground states. These states map to complex 
pseudospins as shown, indicated with black and white circles, respectively 
(real and imaginary axes are indicated by ‘Re’ and ‘Im’, respectively). Spin 
states of up, down and transverse-field-aligned superposition are denoted 
by ↑, ↓ and →, respectively, in c and by red, blue and white circles in d and e.  
d, e, Each plaquette in the triangular lattice has a pseudospin (indicated 
by arrows) defined by the spins of the plaquette. In a perturbative ground 
state (d), all spins in a given sublattice (indicated by numbers) take the 
same state, and consequently all pseudospins have the same orientation. 
The state shown in e has a shift in pseudospin orientation, which 
corresponds to an excitation: the two yellow triangles are in a classical 
ground state but have no energetic contribution from qubits aligning with 
the transverse field. The pseudospins seen in d and e are indicated in c.
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large vorticity fluctuations near 
the Kosterlitz-Thouless transition



• The continuum hedgehog hydrodynamics 

has a natural quantum underpinning on an arbitrary lattice, in terms of scalar spin chirality:

3D version of vortices: Hedgehogs
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A3 = A3f̂3

FIG. 1: A tetrahedron severing as the elementary building block of an arbitrary lattice. Si is the spin operator at site i. A
skyrmion number and a hedgehog flux (2) can be defined for every facet A = Af̂ with area A and normal vector f̂ . A hedgehog
density (6) can be defined for every tetrahedron, where we choose the normal directions of all facets to be pointing outwards.

By discretizing ⇢ = r · B in terms of the skyrmion densities (i.e., emergent B field) on the four facets, we can
associate a hedgehog density

⇢ =

P4
i=1 BAi Ai

V
=

c123 + c142 + c243 + c134

8⇡V
, (6)

to the tetrahedron in Fig. 1, where V is its volume. Note definition (6) is proportional to the total skyrmion number
on all four facets (where we have chosen outwards normal vector as positive direction for defining the orientation).
From this, we immediately conclude that the Stokes’s theorem also holds at lattice level,

X

all cubes

⇢V = boundary skyrmions, (7)

where all the inner facets cancel out and only boundary terms are left. Accordingly, for a fixed texture on the
boundary, an arbitrary smooth field in the bulk yields the same net hedgehog number, irrespective of the details of
the dynamics.

With these definitions of ⇢ and jA, we can verify the hedgehog density and flux satisfy the continuity equation:

@t(⇢V ) +
4X

i=i

jAi Ai = 0. (8)

One notes that there are two di↵erent contributions to the hedgehog flux (2). The first term, �@tBA, is due to the
change of the skyrmion density on the triangular facet. The second term, �ijk/A, while is inconsequential for the
conservation law, is important to ensure that jA is a local physical current, which is consequential for energetic and
Kubo considerations (when one attempts to establish chemical-potential bias of hedgehog and derive its conductivity
in linear response).1

We emphasize that the conservation law for hedgehogs holds at quantum level (also in the classical limit), irrespective
of the form of the Hamiltonian, which indicates that it is topological and is not rooted in any specific symmetry of
the system. After coarse-graining process, we obtain n field out of S and hedgehog current j

µ in terms of n. It is the
conservation of hedgehog current at lattice level that determines the conservation of j

µ at arbitrary temperatures.

defects characterized by the aforementioned quantized
charges, since the homotopy group π2ðR3Þ is trivial [36].
Nevertheless, the smooth field nðr⃗; tÞ exhibits a topological
hydrodynamics governed by the topological conservation
law ∂μjμ ¼ 0 (with the Einstein summation implied over the
Greek indices: μ ¼ 0; 1; 2; 3 ↔ t; x; y; z), where

jμ ¼ ϵμναβ∂νn · ð∂αn × ∂βnÞ=8π: ð1Þ

Here, ϵμναβ is the Levi-Civita symbol with convention
ϵ0123 ¼ 1. The conserved (topological) charge within a
bulk Ω is

Q≡
Z

Ω
dxdydzj0 ¼ 1

8π

Z

∂Ω
dxj ∧ dxkn · ð∂jn × ∂knÞ;

ð2Þ

which equals the skyrmion number at boundary ∂Ω,
according to the generalized Stokes’ theorem [36]. We
recognize that charge Q is precisely the hedgehog number
(thus jμ is the hedgehog current) in the ordered phase, with
the last equality in Eq. (2) defining the degree of the S2 → S2

mapping on the boundary. Our simple example n0 yields
j0 → δðr⃗Þ and thus Q ¼ 1. Here, we remark that the core
should be regularized. There is no true singularity in our
treatment. In the paramagnetic phase, Q is no longer

quantized due to fluctuations in the magnitude of n.
Regardless, the hedgehog current, Eq. (1), is conserved
[37], which sets the stage for the topological hydrodynamics
of hedgehogs at an arbitrary temperature. The conservation
law also holds in the lattice limit, with proper discretized
definitions [37]. Hereafter, we refer to jμ ¼ ðj0; jÞ as
hedgehog density (and flux), irrespective of the temperature.
We stress that, in contrast to two-dimensional skyrmions

[18–20] or three-dimensional Shankar skyrmions [29],
which can be created and annihilated locally, the conser-
vation law of hedgehogs is immune to local fluctuations
and therefore applicable also in the paramagnetic phase
[37]. This robustness of hedgehog flow underpins the
hedgehog hydrodynamics.
Equation (2) establishes a bulk-edge correspondence,

indicating that the total hedgehog number in a bulk interior
can fluctuate only by flowing in and out through its
boundary. This, in turn, is associated with a corresponding
change in the skyrmion number on the boundary, acting as
a fingerprint of the hedgehog flow. A close analog in lower
dimensions has been thoroughly studied in the context of
superfluid phase slips, where the winding number asso-
ciated with one-dimensional XY textures can be changed
by a transverse passage of planar vortices. The 3D bulk-
edge correspondence Eq. (2) manifests when a skyrmion
density unwinds or reversely builds up as a thread of a
hedgehog current passes through, which has been verified
experimentally [41].
Topological Maxwell equations.—We provide, in this

section, another formulation of the conservation law as
topological Maxwell equations, making connections to the
well-known emergent electromagnetic fields associated
with generic spin textures [42–48]. The divergence-free
condition ∂μjμ ¼ 0 can be automatically satisfied by
defining the current jμ as a curl of a rank-2 antisymmetric
Maxwell field-strength tensor

F αβ ≡ n · ð∂αn × ∂βnÞ=4π; ð3Þ

whose components are the familiar electromagnetic fields:

Ei ¼ n · ð∂tn × ∂inÞ=4π; ϵijkBk ¼ n · ð∂in × ∂jnÞ=4π:
ð4Þ

The hedgehog current Eq. (1) can therefore be recast into
the form of the Maxwell equations:

ϵμναβ∂νF αβ=2 ¼ jμ; ∂μF μν ¼ jνe: ð5Þ

The second equation defines the electric four-current,
which is also conserved: ∂μj

μ
e ¼ 0, following from the

antisymmetric property of F .
Note that fictitious electric and magnetic charges (as

sources for E⃗ and B) have the same symmetries as the real

FIG. 1. A schematic for nonlocal transport measurement of
hedgehog currents in a three-dimensional insulating magnet. Two
metallic contacts are bridged by a magnetic insulator with hedge-
hog excitations. In the paramagnetic phase, hedgehogs are free to
diffuse, where black and white ripples stand, respectively, for
delocalized hedgehog and antihedgehog densities. An applied
electric current I along y within the left metal transfers spin flow
into the magnetic texture, which biases a hedgehog flow along x.
Reciprocally, the hedgehog flow reaching the right terminal builds
up a detectable electric voltage V. The nonlocal drag resistivity,
ϱ ∝ V=I, quantifies the efficiency of the topological hedgehog
transport as well as their interfacial exchange coupling with
conducting electrons. We also show a familiar example of a
hedgehog n0 ¼ fx; y; zg=r.
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cijk =
Si · Sj ⇥ Sk

S3
where

Zou, Zhang, and YT, PRL (2020)

the conserved (generally nonquantized) charge corresponds 
to the skyrmion density on the enclosing surface, according to 

the higher-dimensional Stokes’ theorem
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Engineering and imaging hedgehog metamaterials

Creation and observation of topological magnetic monopoles and their interactions in a ferromagnetic metalattice
Soft X-ray imaging by Miao’s group at UCLA [Rana et al., Nature Nano. (2023)]



The 3D hedgehog flow with skyrmionic bulk/boundary 
correspondence is closely analogous to the 2D 
vorticity flow with winding bulk/boundary 
correspondence

Extending to 3D bulk: Hedgehog flow

 

Topological Transport of Deconfined Hedgehogs in Magnets
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We theoretically investigate the dynamics of magnetic hedgehogs, which are three-dimensional
topological spin textures that exist in common magnets, focusing on their transport properties and
connections to spintronics. We show that fictitious magnetic monopoles carried by hedgehog textures obey
a topological conservation law, based on which a hydrodynamic theory is developed. We propose a
nonlocal transport measurement in the disordered phase, where the conservation of the hedgehog flow
results in a nonlocal signal decaying inversely proportional to the distance. The bulk-edge correspondence
between the hedgehog number and skyrmion number, the fictitious electric charges arising from magnetic
dynamics, and the analogy between bound states of hedgehogs in ordered phase and the quark confinement
in quantum chromodynamics are also discussed. Our study points to a practical potential in utilizing
hedgehog flows for long-range neutral signal propagation or manipulation of skyrmion textures in three-
dimensional magnetic materials.

DOI: 10.1103/PhysRevLett.125.267201

Introduction.—A main theme of spintronics is the
utilization of spin degrees of freedom for information
transmission and processing [1,2], either using spin-
polarized electric currents, or relying on spins alone to
free the transport from Joule heating. Magnons, the quanta
of spin waves, have been proposed to be promising data
carriers in new computing technologies [3–7]. A detectable
diffusive spin transport can be achieved via magnons in
ordered magnetic insulators [8] or even spin-conserving
fluctuations in paramagnets [9]. However, such spin cur-
rents typically decay exponentially, once the propagation
distance exceeds the spin-relaxation length [2]. In alter-
native transport regimes, where signals are expected to
decay algebraically, topology plays a crucial role [10–12].
Topological spin textures, such as chiral domain walls [13],
vortices [14–17], skyrmions [18–20], hopfions [21,22],
and hedgehogs [23–26] are defined homotopically and are
topologically protected [10–12]. Consequently, they are
promising to sustain long-distance transport, even in the
absence of local spin conservation.
While extensive studies have been devoted to spin

textures in low dimensions, three-dimensional (3D) tex-
tures such as hedgehogs and hopfions are recently attract-
ing more attention for their rich physics in topological
phases [23–26] and dynamic properties [21,22,27,28].
Hedgehogs exist inherently in 3D Heisenberg magnets.
In contrast to 3D skyrmions [29] and hopfions [21,22],
which can be annihilated by shrinking them down to
the size of the atomic spacing without affecting spins far
away, hedgehogs cannot be removed via local surgeries.
The hedgehog flow can therefore be more stable against
thermal fluctuations, and has potential applications in
memory, logic devices, and energy storage [30–35].

In this Letter, we explore both topological and energetic
properties of magnetic hedgehogs in 3D Heisenberg
ferromagnets to investigate their long-distance transport,
the viability of which is considered from the following
three aspects. A topological conservation law, which is
valid in both the magnetically ordered and disordered
phase, defines the framework of a hydrodynamic descrip-
tion of hedgehog currents. While (anti)hedgehogs are
bound by a linear potential energy in the magnetically
ordered phase, they become deconfined and hence mobile
in the paramagnetic phase. We propose a nonlocal transport
measurement in the setup as shown in Fig. 1. A conserved
hedgehog flow can be driven by a transverse electric
current applied at an adjacent metal contact, resulting in
a nonlocal signal decaying inversely proportional to the
system length in the flow direction.
Topological conservation law.—Let us first consider a

3D insulating ferromagnet without accounting for its
detailed energetics, but focusing on topological aspects
of its vectorial order parameter nðr⃗; tÞ, where the bold face
is used for axial vectors and the vector arrow marks polar
vectors. In the ordered phase, the collinear magnetic order
can be described by the directions of n assuming jnj ¼ 1.
This would render a sphere order-parameter space S2, with
a nontrivial second homotopy group π2ðS2Þ ¼ Z [36]. A
point defect, named hedgehog, with an integer-valued
topological charge can correspondingly be identified in
nðr⃗; tÞ. A familiar example for a hedgehog placed at the
origin is n0 ¼ fx; y; zg=jr⃗j.
In the paramagnetic phase, the corresponding (coarse-

grained) vector field nðr⃗; tÞ ∈ R3 realizes an R3 → R3

mapping at any given time t. This field texture is devoid of
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Hydrodynamics on curved surfaces

Topological transport of vorticity on curved magnetic membranes
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In this work, we study the transport of vorticity on curved dynamical two-dimensional magnetic
membranes. We find that topological transport can be controlled by geometrically reducing symme-
tries, which enables processes that are not present in flat magnetic systems. To this end, we construct
a vorticity 3-current which obeys a continuity equation. This continuity equation is immune to local
fluctuations of the magnetic texture as well as spatiotemporal fluctuations of the membrane. We
show how electric current can manipulate vortex transport in geometrically nontrivial magnetic
systems. As an illustrative example, we propose a minimal setup that realizes an experimentally
feasible energy storage device.

Introduction.—Much progress has been made both the-
oretically and experimentally in understanding, engineer-
ing, and driving topological magnetic textures [1–12].
This has resulted in numerous proposals that exploit
spin texture topology for technological applications, such
as domain wall and skyrmion racetracks [13–17], energy
storage [18–20], long-range signal transport [21–29], and
quantum information processing [30–32]. The utility of
these spin structures is rooted in the metastability of
topological excitations and the variety of ways to ma-
nipulate them [4, 11, 33–35]. To foster the development
of these technologies, it is crucial to innovate avenues
to drive topological textures. Motivated by the inter-
play between geometry and topology [36–38], we seek a
way to geometrically control topological transport. Previ-
ous works have investigated geometrical e↵ects in curved
low-dimensional magnetic systems, primarily focusing on
energetic stabilization of topological spin textures [39–44].
These developments are spurred by advancements in fab-
rication and imaging techniques for complex magnetic
structures [43, 45–47].
In this letter, we study the transport of vorticity on

curved magnetic membranes. To this end, we demonstrate
that magnetic textures on membranes with curvature ex-
hibit topological hydrodynamics [48] governed by a robust
continuity equation rooted in the homotopic properties
of the magnetic order parameter space, rather than any
structural symmetries. In contrast to previous studies
focused on vortex transport in flat magnetic films [20–
22, 49], this work uses the spatial structure of magnetic
systems to reduce symmetries, thereby enabling processes
that are otherwise ruled out on symmetry grounds. We
discuss how a nontrivial geometry can allow electric cur-
rent to energetically bias vorticity injection on the mem-
brane. Finally, we illustrate a potential functionality of
this physics by devising an experimentally feasible energy
storage concept.
Topological continuity equation.—We begin by dis-

cussing the geometric properties of a curved dynamical
magnetic membrane. The membrane is a two-dimensional
orientable manifold M, parameterized by coordinates

FIG. 1. Depiction of manifold M. The winding of the magneti-
zation m (blue arrows) on the contour C (red line) determines
the vortex charge enclosed by C. The local tangent planes
Tp and Tp0 are shown for points p and p0, along with the
local frame {e1, e2,n}. The leftmost tangent planes depict
the gauge potential A` at point p0, which captures changes of
e1 and e2 along ⇠`. The inset shows vorticity flux J being
pumped transverse to a metallic wire (purple curve) carrying
electric current density j.

⇠1 and ⇠2, with boundary @M. M is embedded in the
Euclidean space R3 from which it inherits the metric
gij . At every point (⇠1, ⇠2) on M and for any time t,
we identify a unit normal vector n(t, ⇠1, ⇠2) and define
unit vectors spanning the local tangent plane, e1(t, ⇠1, ⇠2)
and e2(t, ⇠1, ⇠2). The orthonormal triad {e1, e2, n} is
the local frame. M may smoothly change over time, as
long as its topology remains unchanged, i.e. M is not
cut. Figure 1 depicts the simplest case in which M is
homeomorphic to a closed disk.
The U(1) gauge freedom in specifying the local frame,

corresponding to simultaneous rotations of e1 and e2
about n, translates into the gauge potential [50–52]

Aµ = e1 · @µe2, (1)

which is a smooth field describing changes of the local
frame in space and time. Once the e1 and e2 vector fields
are specified, the gauge is fixed. The spatial component
of the gauge, Ai, is the smooth connection on M, which
captures changes in e1 and e2 along ⇠i [51]. The gauge-
invariant field strength tensor stemming from Aµ is

Fµ⌫ = @µA⌫ � @⌫Aµ. (2)
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plane and fluctuate in both magnitude and direction. For flat systems, it is known that the winding density along a
curve parameterized is m2

k@`'/2⇡ [1]. We can generalize this result for curved systems by making the substitution
@i' ! Di' so that the covariant winding is

d⇠i
1

2⇡
m2

kDi' = d⇠i
1

2⇡
m2

k(@i'�Ai), (S5)

which is also gauge-invariant. The topological charge Q enclosed on a patch S of the manifold is consequently

Q =

Z

@S
⇢w =

1

2⇡

Z

@S
d⇠im2

kDi', (S6)

where ⇢w is the gauge-invariant winding 1-form. The relation between Q and the winding density is given by Eq. (5)
in the main text. Thus, we have constructed the winding density for a curved magnetic membrane and connected it to
the gauge-invariant topological charge Q.

It is advantageous to be able to write the winding density ⇢w in terms of m rather than the in-plane angle '. Doing
so allows us to describe the topological charge density using a nonsingular vector field m. On the other hand, the '
field is not defined at the center of the vortex. To this end, we define the covariant derivative of m as

rµm ⌘ (@µm
a)ea �Aµn⇥m. (S7)

This is identical to Eq. (4) of the main text. Here, Aµ = e1 · @µe2 can be understood as a gauge potential that tracks
changes in the local frame in space as well as time. The covariant derivative acts on m by first projecting out any
components parallel to the normal vector n, taking the derivative @i, and then projecting the result back to the local
tangent plane. Thus the covariant derivative of any vector in R3 will always result in a vector lying in the local tangent
plane. Using this covariant derivative, we can express the winding 1-form in terms of m as

⇢w = d⇠in · (m⇥rim)/2⇡, (S8)

which is the integrand of Eq. (13) in the main text. Finally, we elaborate on a point made in the last paragraph of
the section “Gauge-invariant topological charge” regarding the quantization of Q. Generally, when there is nonzero
Gaussian curvature, even when taking the strong-easy surface limit, Q is noninteger valued. A cartoon depiction of
the vorticity density J 0 for flat and curved membranes, with and without taking the easy-surface limit, is depicted in
Fig. 1. Note that J 0 is given by Eq. (3) of the main text.

FIG. 1. Cartoon depiction of the vorticity density for flat and curved magnetic membranes, and for singular and nonsingular
magnetic textures. Panel (a) shows that for a flat magnetic system, taking the strong easy-plane limit in which m2

k = 1 results
in the magnetic texture becoming singular, and the vorticity density is a �-function at the location of the vortex. Panel (b)
shows that relaxing the strong easy-plane limit and allowing the magnetic texture to be nonsingular results in broadening of the
delta function. Panels (c) and (d) shows that the e↵ect of nonzero curvature is to add a background o↵set.
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• Net topological charge is defined in terms of a winding 1-form (the density is constructed 
via exterior derivative, utilizing generalized Stokes’ theorem):
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Taking the strong easy-surface limit, the topological charge on a patch S (upon picking a smooth gauge) of the
membrane can be evaluated as

Q = N � 1

2⇡

Z

S
d⇠1d⇠2

p
gK, (S9)

where K is the local Gaussian curvature and g is the determinant of the metric. The topological charge is the di↵erence
of an integer N , which counts the number of vortices on S, and a geometrical background o↵set that spoils the
discreteness of Q. The e↵ect of this background o↵set is depicted in panels (c) and (d) of Fig. 1. When the strong-easy
surface limit is taken, we find that the vorticity density sharply peaks at the location of the vortex. In the extreme case,
when |mk| = 1 everywhere except for the location of the vortex, at which there is a singularity in the m vector field,
J 0 is proportional to the �-function. However, by relaxing the strong easy-surface limit, we allow for a nonsingular
magnetic texture and the vorticity density is no longer a �-function. In this case, the �-function broadens, as shown in
panels (b) and (d).

(ii) Formulation of topological hydrodynamics

In this section, we start from the covariant winding density and construct the vorticity 3-current, J µ. We first
specialize to the static manifold, in which the local frame has no time dependence. We will show that J µ satisfies
the topological continuity equation @µJ µ = 0, even when m can fluctuate. Furthermore, we demonstrate that the
continuity equation is still satisfied when the membrane is dynamic and the time dependence of the local frame is
restored. To do so, we will formulate topological hydrodynamics using di↵erential forms, as discussed in the “Discussion”
section of the main text. The topological charge on a patch S of the manifold M is

Q =

Z

@S
⇢w =

1

2⇡

Z

@S
d⇠in · (m⇥rim), (S10)

which is defined as the integral of the winding 1-form ⇢w over the boundary of the patch, @S. After defining the
winding 1-form, we invoke the generalized Stoke’s theorem to define the vorticity 2-form as the exterior derivative of
⇢w. We have that

⇢v ⌘ d⇢w = d⇠i ^ d⇠j
1

2⇡
n ·

✓
rim⇥rjm+

m⇥ [ri,rj ]m

2

◆

= d⇠i ^ d⇠j
1

2⇡
n ·

✓
rim⇥rjm� 1

2
Fijm

2
k

◆
.

(S11)

Here, d ⌘ d⇠i ^ @i is the exterior derivative and Fij = @iAj � @jAi is the gauge-invariant curvature field which arises
from the connection Ai on M. The curvature field Fij is related to the Gaussian curvature K by K = ✏0ijFij/2

p
g.

Here, we use the Levi-Civita convention that ✏012 = 1. Furthermore, Fij is the ”magnetic” component of the field
strength tensor Fµ⌫ given by Eq. (2) of the main text. The scalar vorticity density on the manifold is the Hodge dual
of the vorticity 2-form and is written as

?⇢v =
✏0ij

2⇡
p
g
n ·

✓
rim⇥rjm� 1

2
Fijm

2
k

◆
. (S12)

In this expression, we have used the Hodge star map “?”, which maps a p-form in d-dimensional space to its Hodge
dual, a (d� p)-form. The mapping is defined to be [4]

?d⇠i1 . . . d⇠ip =
1

(d� p)!

p
ggi1j1 . . . gipjp✏j1...jpjp+1...jdd⇠

jp+1 . . . d⇠jd . (S13)

For any change of the charge Q on S, we expect to find a vorticity flux jv through the boundary @S, which changes
the winding along the boundary. That is, we wish to find a jv that satisfies the continuity equation

?@t⇢v + ?d ? jv = 0. (S14)

The first term in Eq. (S14), ?@t⇢v, is the time derivative of the vorticity density, and the second term ?d ? jv is the
divergence of the vorticity flux. To construct jv, we return to the generalized Stokes’ theorem, which states that
⇢v = d⇢w. Taking the time derivative and applying the Hodge star operator to both sides of this expression, we get

?@t⇢v � ?@td⇢w = 0 (S15)

in the strongly easy-plane limit:

(Mermin-Ho)



Transport of vorticity on curved surfaces

• Can nontrivial geometry reduce the symmetries enough to allow to drive topological 
hydrodynamics even in a single magnetic layer?

magnetization, and can easily be studied using electron
holography10,14 or magnetometry47,48. More complex domain
patterns appear in tubular structures with larger diameters
in the range of some micrometres, which can be fabricated
using strain engineering49,50. These tubular architectures are
particularly appealing as magnetoimpedance sensors for
magnetoencephalography36,37 or as compact giant magnetoresis-
tance sensors for in-flow cytometry51,52. 2D magnetic
nanomembranes with either in- or out-of-plane anisotropy
rolled up into tightly wound tubular systems offer well-defined
magnetic domain patterns including homogeneous53–55 and
multidomain states32,33 or even radial spin textures34,35. State-
of-the-art characterization of their physical properties relies on
integral measurement techniques, such as ferromagnetic
resonance spectroscopy54,55, magnetoresistance33,46,51,56 and
magnetometry measurements47,48, and on the analysis of 2D
projections of magnetization patterns recorded using Kerr32,33

and X-ray43 microscopy. Although these approaches provide
information on the magnetic properties, they cannot be applied to
reconstruct the 3D magnetic domain pattern. A proper
identification can only be accomplished by tomographic imaging.

Circulating magnetization patterns. As a first example, we
analyse the XMCD contrast of simple magnetization textures,
such as azimuthal domains with in-plane magnetization, by
correlating them to XMCD contrast simulations. This approach is
similar to that of electron holography on tubular/helical
structures10,14. The present magnetic tubular architectures with a
defined magnetization are prepared via strain engineering49,50. In
particular, lithographically prepatterned strained magnetic
nanomembranes are released from the substrate by selectively
etching the sacrificial buffer layer and rolled up into tubular
architectures by reducing the internal strain gradient (Fig. 2a).

The tubular architectures with a diameter of about 7 mm and 2.5
windings (Fig. 2b) and circulating magnetization (Fig. 2c) are
picked up and lifted via a micromanipulator inside a cross-beam
workstation and fixed onto a Pt-coated Si wafer by ion beam
activated Pt deposition (Fig. 2d). The tube exhibits an elliptical
cross-section with a major and minor axis of x¼ (8.4±0.2)mm
and y¼ (5.5±0.2) mm, respectively, and is tilted by b¼ (31±1)!
with respect to the surface normal. Using nickel as both strained
and functional magnetic layer provides a negative magneto-
striction constant and therefore a transverse magnetization before
rolling up (Fig. 2e). After rolling up, a low remanence
magnetization of 0.4 times the saturation magnetization was
found by longitudinal magneto-optical Kerr effect magnetometry.
This is indicative for a circulating magnetization with azimuthal
or helical alignment, which could have been verified by Kerr
microscopy (Fig. 2c). As the limited depth of focus of Kerr
microscopy allows only for visualizing a very narrow stripe along
curved tubes (Fig. 2c), different types of circulating magnetization
cannot be distinguished. Using T-XPEEM, this limitation can be
overcome by projecting the 3D magnetization onto the planar
substrate43.

The spatial orientation of the tube with respect to the X-ray
beam propagation direction inside the XPEEM is determined by
analysing the angle-dependent projection of the elliptical cross-
section of the tube onto the planar substrate (Fig. 3a). Tube
orientations with a tilt towards and away from the incidence
direction of the X-ray beam are referred to as 0! and 180!,
respectively. The magnetization of the standing tube is visualized
by imaging the secondary photoelectrons generated in the
substrate after penetrating the tube by circularly polarized
photons with an energy corresponding to the Ni L3 absorption
edge. The number of transmitted photons depends on the local
magnetization due to the XMCD effect; thus, the projected
magnetic pattern reflects the local magnetization in the tube. The
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Figure 2 | Fabrication and characterization of circulating spin textures. (a) Preparation of azimuthally magnetized tubular architectures via selective
rolling up of a prepatterned strained nanomembrane with transverse magnetic easy axis (indicated by red and blue, and arrows). (b) Electron micrographs
of rolled-up tubes and manipulation. Scale bar, 50mm. (c) Transverse magnetization component along a 2-mm wide stripe at the very top of the tube
visualized by longitudinal Kerr microscopy. Scale bar, 5 mm. (d) Electron micrograph of a vertically fixed Ni tube with circulating magnetization overlaid
with XMCD shadow contrast patterns recored by T-XPEEM at various projection angles. The X-ray beam penetrates the top end of the standing tube
(dashed rectangle) and projects the magnetization onto the substrate 150 mm away from the tube location (indicated by wiggly lines). The lengths of major
and minor axis are x¼ (8.4±0.2)mm and y¼ (5.5±0.2) mm, respectively. Scale bar, 5 mm. (e) Magnetic hysteresis loops of planar (dashed) and rolled-up
(solid) nanomembranes shown for longitudinal and transverse sensitivity suggest circulating (azimuthal or helical) magnetization within the rolled-up
nanomembrane.
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while small wires favor TW. The crossover diameter is in 
the range of ( )∼70 90  nm.

5.2. Rolled-up magnetic nanomembranes:  
magnetic Swiss rolls

More complex, yet deterministic, domain patterns (figure 24) 
appear in tubular architectures with diameters in the lower 
micrometer range fabricated by strain engineering rolled-up 
nanotech. Rolled-up nanotech [87, 88] relies on differential 
strain in thin solid films deposited on top of a sacrificial layer 
(figure 25). Such systems can be realized by single materials 
(e.g. partially strain relaxed Si films), by bilayers of the same 
material class (InGaAs/GaAs bilayer [355]) or different mat-
erial classes (InGaAs/metal [356, 357]). The membranes to 
be rolled-up are defined by either lithography patterning or 
mechanical scratching. The layer system is released from the 
substrate by e.g. wet chemical underetching. The strain gradi-
ent generates a bending moment to (partially) relax and initiates 
the rolling of the layer system. It is possible to design a strained 
layer system and to deposit an additional layer, e.g. magnetic 
materials. The functional layer inherits the radial symmetry of 
the rolled-up layer [358]. The resulting microscopic structure of 
these rolled-up nanomembranes resembles Swiss rolls, which 
are morphologically and topologically distinct to the cylinders 
and hollow tubes.

Rolled-up tubes with diameters down to only a few nanom-
eters can be fabricated using strained semiconductor and sac-
rificial layers [359]. In this case, the samples consisting of 

epitaxial In(Ga)As/GaAs bilayers with different total thick-
nesses are grown using molecular beam epitaxy (MBE). The 
rolling process includes ex situ selective etching performed 
with diluted HF solutions enabling a selectivity to AlAs [360, 
361]. Typical SEM images of the InGaAs/GaAs rolled-up 
tubes are shown in figure 26. Furthermore, the scaling of the 
nanotubes diameter with the total InAs/GaAs bilayer thickness 
is presented in figure 26(c) revealing the possibility to obtain 
rolled-up tubes with diameters down to several nanometers.

As small tube diameters can be achieved relying on lat-
tice mismatched epitaxially grown superlattices, much 
efforts were devoted to optimizing the growth of magn etic-
material-containing heterostructures to fabricate rolled-
up magn etic nanomembranes of small diameters. Heusler 
alloys are compatible with compound and elemental semi-
conductors [362, 363] and provide as half-metallic com-
pounds a spin polarization at the Fermi level of up to 100% 
[364–366], which is highly relevant for prospective spin-
tronic applications. In particular, binary intermetallic Fe3Si 
from the family of Heusler alloys can be grown on GaAs(0 
0 1) substrates at nearly perfect lattice match [367–369]. 
Even for good crystalline quality of the radial superlattices 
 (figure 27), e.g. in the case of InGaAs/Fe3Si superlattices 
[100, 370, 371], typical diameters of the rolled-up archi-
tectures are 1.2 µm [371]. To form an epitaxial bilayer, the 
MBE-grown III–V surface of InGaAs is thermally deoxi-
dized and a 20 nm-thick Fe3Si layer is grown pseudomorph-
ically on top of the InGaAs layer by coevaporation of Fe 
and Si at 350°C in a separate thermal evaporation cham-
ber. Although the structural characterization reveals clear 
pseudo morphic growth of Fe3Si on InGaAs and even indi-
cates a lattice-matched crystalline bonding of the two layers 
(figure 27), no distinguishable interface region is observed 
as would be expected from other semiconductor/metal [357] 
or semiconductor/semiconductor rolled-up stacks [355, 
372–374]. We speculate that by tuning the deposition condi-
tions, growth temper ature or thickness of Fe3Si, one would 
be able to achieve tubes with smaller radii.

Similar diameters of Swiss rolls in the range of 4 µm are 
achievable when preparing heterostructures of strained semi-
conductor bilayers, e.g. InGaAs/GaAs with a ferromagnetic 
metal layer, e.g. Permalloy [41, 42, 104]. After rolling up, 
those structures (figure 28(a)) resemble novel ferromagnetic 
microtube ring resonators. Balhorn et  al [41] investigated 
the spin-wave spectrum using high-resolution microwave 

Figure 25. Schematic illustration of the fabrication of rolled-up 
tubes. An initially strained layer system is deposited on top of 
a sacrificial layer. An optional, arbitrary functional layer can be 
deposited on top. To obtain a rolled-up tube, a starting window is 
defined and the layer structure is released from the substrate by 
selective underetching. Reprinted with permission from [358].

Figure 24. Schematics of magnetic domain patterns in 
ferromagnetic thin films resembling hollow cylinders. Top row: 
Circulating (in-plane) magnetization textures without (azimuthal) 
and with (helical) longitudinal components. Circulation sense is 
indicated by red or blue. Bottom row: Radial and longitudinal 
magnetization configuration. State radial II illustrates multidomain 
states with radially magnetized domains. Each configuration 
possessing distinct magnetic and magnetoelectric properties can 
be fabricated by rolling up planar films. Reprinted with permission 
from [291].
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In this work, we study the transport of vorticity on curved dynamical two-dimensional magnetic
membranes. We find that topological transport can be controlled by geometrically reducing symme-
tries, which enables processes that are not present in flat magnetic systems. To this end, we construct
a vorticity 3-current which obeys a continuity equation. This continuity equation is immune to local
fluctuations of the magnetic texture as well as spatiotemporal fluctuations of the membrane. We
show how electric current can manipulate vortex transport in geometrically nontrivial magnetic
systems. As an illustrative example, we propose a minimal setup that realizes an experimentally
feasible energy storage device.

Introduction.—Much progress has been made both the-
oretically and experimentally in understanding, engineer-
ing, and driving topological magnetic textures [1–12].
This has resulted in numerous proposals that exploit
spin texture topology for technological applications, such
as domain wall and skyrmion racetracks [13–17], energy
storage [18–20], long-range signal transport [21–29], and
quantum information processing [30–32]. The utility of
these spin structures is rooted in the metastability of
topological excitations and the variety of ways to ma-
nipulate them [4, 11, 33–35]. To foster the development
of these technologies, it is crucial to innovate avenues
to drive topological textures. Motivated by the inter-
play between geometry and topology [36–38], we seek a
way to geometrically control topological transport. Previ-
ous works have investigated geometrical e↵ects in curved
low-dimensional magnetic systems, primarily focusing on
energetic stabilization of topological spin textures [39–44].
These developments are spurred by advancements in fab-
rication and imaging techniques for complex magnetic
structures [43, 45–47].
In this letter, we study the transport of vorticity on

curved magnetic membranes. To this end, we demonstrate
that magnetic textures on membranes with curvature ex-
hibit topological hydrodynamics [48] governed by a robust
continuity equation rooted in the homotopic properties
of the magnetic order parameter space, rather than any
structural symmetries. In contrast to previous studies
focused on vortex transport in flat magnetic films [20–
22, 49], this work uses the spatial structure of magnetic
systems to reduce symmetries, thereby enabling processes
that are otherwise ruled out on symmetry grounds. We
discuss how a nontrivial geometry can allow electric cur-
rent to energetically bias vorticity injection on the mem-
brane. Finally, we illustrate a potential functionality of
this physics by devising an experimentally feasible energy
storage concept.
Topological continuity equation.—We begin by dis-

cussing the geometric properties of a curved dynamical
magnetic membrane. The membrane is a two-dimensional
orientable manifold M, parameterized by coordinates

FIG. 1. Depiction of manifold M. The winding of the magneti-
zation m (blue arrows) on the contour C (red line) determines
the vortex charge enclosed by C. The local tangent planes
Tp and Tp0 are shown for points p and p0, along with the
local frame {e1, e2,n}. The leftmost tangent planes depict
the gauge potential A` at point p0, which captures changes of
e1 and e2 along ⇠`. The inset shows vorticity flux J being
pumped transverse to a metallic wire (purple curve) carrying
electric current density j.

⇠1 and ⇠2, with boundary @M. M is embedded in the
Euclidean space R3 from which it inherits the metric
gij . At every point (⇠1, ⇠2) on M and for any time t,
we identify a unit normal vector n(t, ⇠1, ⇠2) and define
unit vectors spanning the local tangent plane, e1(t, ⇠1, ⇠2)
and e2(t, ⇠1, ⇠2). The orthonormal triad {e1, e2, n} is
the local frame. M may smoothly change over time, as
long as its topology remains unchanged, i.e. M is not
cut. Figure 1 depicts the simplest case in which M is
homeomorphic to a closed disk.
The U(1) gauge freedom in specifying the local frame,

corresponding to simultaneous rotations of e1 and e2
about n, translates into the gauge potential [50–52]

Aµ = e1 · @µe2, (1)

which is a smooth field describing changes of the local
frame in space and time. Once the e1 and e2 vector fields
are specified, the gauge is fixed. The spatial component
of the gauge, Ai, is the smooth connection on M, which
captures changes in e1 and e2 along ⇠i [51]. The gauge-
invariant field strength tensor stemming from Aµ is

Fµ⌫ = @µA⌫ � @⌫Aµ. (2)
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Non-Abelian homotopy group requires revisiting basic notions of hydrodynamics

Nonabelian topological hydrodynamics
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We investigate the transport properties of nonabelian topological textures. As an illustrative case-
study, we focus on a 2-dimensional film of two U(1) condensates coupled by a repulsive interaction,
which realizes the ordered configuration space of three complex numbers C3(C). Analyzing the
homotopic properties using algebraic and geometric approaches, we find the emergence of elementary
nonabelian vortex-antivortex pairs with orientation-dependent combination rules. Moreover, we
propose a mechanism to bias nonabelian vortex transport and engineer weak links for controlled
pair-nucleation processes. To illustrate the consequences of this physics, we devise a nonvolatile
memory storage device that encodes information using nonabelian vorticity. Furthermore, we predict
the existence of Brunnian vortices, which exhibit zero net circulation of the superflow and can only be
detected by a higher-order winding number. In a broader context, our work sca↵olds a prescription
for studying systems with nonabelian homotopy groups and tackles a fundamental question: How
can we nucleate and transport topological charges that cannot be counted?

Introduction.—Abelian topological defects such as vor-
tices, skyrmions, and hedgehogs are rooted in abelian
homotopy groups and have garnered significant interest
in condensed matter physics. For such defects, the no-
tions of transport and extensive build-up of topological
charge have a natural interpretation since the charge is
Z-valued. However, for certain order parameter spaces
M, a 2-dimensional system can host nonabelian vortices.
Compared to their abelian counterparts, nonabelian vor-
tices have an enriched internal structure, giving rise to
orientation-dependent combination rules [1] as well as be-
ing endowed with a higher capacity to encode information.
However, they can no longer be faithfully classified by
an integer-valued charge, so the conventional topological
conservation laws underpinning the hydrodynamics of Z-
valued topological charge [2–7] loses their meaning. This
presents an obstacle for understanding how nonabelian
vortices can be classified, nucleated, and transported.

In this Letter, we address these challenges and moti-
vate a prescription to investigate nonabelian vortices. As
an illustrative case study, we consider a 2-dimensional
system in which the order parameter texture can be de-
scribed by a tuple of three distinguishable complex num-
bers  (r) = ( 0(r), 1(r), 2(r)). Including a “repul-
sive” interaction which enforces  i(r) 6=  j(r) for i 6= j,
the order parameter space becomes the ordered config-
uration space of three complex numbers M = C3(C),
where  2 C3(C). Within this configuration space, the
complex numbers  i can braid around each other. The
braid structure is classified by the fundamental homotopy
⇡1 [C3(C)] = P3, where P3 is the pure braid group. As a
potential realization of such an order parameter  , we
study interacting two-component condensates, which have
been subject to intensive theoretical and experimental
studies for exciton-polariton condensates with two chi-
ral polarizations [8], Bose-Einstein condensates in cold
atomic systems using two hyperfine states [9, 10], poten-

FIG. 1. (a) Elementary vortex-antivortex pairs in a sys-
tem that is charge-neutral with respect to topological charge.
(b) Composite [b,a,�b,�a] Brunnian vortex in the cen-
tral dashed circle constructed by fusing elementary vortex-
antivortex pairs. Gray, red, and blue patches indicates the
� = 0 ground state, � > 0, and � < 0, respectively. Solid red
and blue strings connecting the cores correspond to the nodal
lines where � = 0. The cyan and dark red circles inscribed
with minus and plus signs denote the sign of the winding
charge Q(1).

tially magnon condensates at di↵erent wave numbers [11],
and also two-component superconductors [12–15].

Our strategy is to tackle the analysis on two fronts:
(1) a more conventional algebraic approach to classify
topological textures and (2) an intuitive geometric way to
understand the real-space topological structure. Leverag-
ing both perspectives, we find that the elementary topo-
logical excitations are vortex-antivortex pairs, of which
there are three distinct species, see Fig. 1(a). Henceforth,
we denote elementary vortices by [v] and antivortices
by [�v] for v 2 {a,b, c}. While the c pairs resemble
conventional abelian excitations, the a and b pairs are
genuinely nonabelian, hallmarked by the topologically
protected, nonsingular red and blue strings connecting
(or tangling) vortex to antivortex. The cores of the ele-

We study a model based on two repulsive superfluid condensates <latexit sha1_base64="akShWbEhUDqAOeexZ+y3XmnsQCU=">AAACA3icbVDLSsNAFL3xWesr6k43wSK4kJIUqS6L3bisYB/QhDCZTtuhk0mYmQglFNz4K25cKOLWn3Dn3zhJs9DWA8MczrmXe+8JYkalsu1vY2V1bX1js7RV3t7Z3ds3Dw47MkoEJm0csUj0AiQJo5y0FVWM9GJBUBgw0g0mzczvPhAhacTv1TQmXohGnA4pRkpLvnnsxpL6zkX+1VzK3RCpcRCkzZlvVuyqncNaJk5BKlCg5Ztf7iDCSUi4wgxJ2XfsWHkpEopiRmZlN5EkRniCRqSvKUchkV6a3zCzzrQysIaR0I8rK1d/d6QolHIaBroy21Auepn4n9dP1PDaSymPE0U4ng8aJsxSkZUFYg2oIFixqSYIC6p3tfAYCYSVjq2sQ3AWT14mnVrVqVfrd5eVxk0RRwlO4BTOwYEraMAttKANGB7hGV7hzXgyXox342NeumIUPUfwB8bnD6lIl48=</latexit>

 1, 2 2 C2

mentary pairs can be merged to combine more complex
topological structures, subject to the simple rule that the
strings cannot cross, see Fig. 1(b). The latter dictates the
combination rules of the vortex, as well as engenders the
capability to encode information. To illustrate the conse-
quences of this physics, we devise a protocol to write and
transmit information and propose a nonvolatile memory
storage device. Furthermore, we predict the existence of
exotic topologically robust vortices that carry zero net
circulation (coined Brunnian vortices) and motivate a
higher-order winding number that can detect them.
Minimal model.—A two-dimensional film of two con-

densates described by the complex fields  1(r) and  2(r)
is already su�cient to realize the order parameter space
C3(C). To this end, we phenomenologically construct a
simple free energy as

F [ 1, 2] =

Z
dA

(
X

i=1,2


A

2
|r i|2 + V ( i)

�

+ U( 1, 2)

)
,

(1)

where A describes the condensate sti↵ness. We require
a repulsive interaction U( 1, 2) between the two con-
densates to energetically enforce  1(r) 6=  2(r). More-
over, the Mexican hat potential V ( i) = �↵| i|2 +�| i|4
(where ↵,� > 0 are phenomenological parameters) pro-
hibits the two condensate fields from vanishing. Hence,
we introduce  0(r) = 0 as an artificial complex field such
that  i(r) 6=  j(r) for i 6= j, thus forming the order
parameter  (r) 2 C3(C).

A natural starting point to study vortices is to define
the mutual winding

wij(r) = r✓ij , (2)

where ✓ij = arg( i �  j). Integrating the winding along
a closed loop @A which encloses singular vortices on a
patch A, we find that the quantization

Z

@A
d` ·wij = 2⇡nij (3)

is fulfilled, where nij is integer valued. The condensate
winding densities w10 = w01 and w20 = w02 correspond
to the ordinary phase winding of the  1 and  2 fields, re-
spectively. They give rise to the superfluid velocity. In ad-
dition to the condensate winding densities, the inclusion of
the repulsive interaction U( 1, 2) between  1 and  2 en-
ables a third nontrivial phase winding w12 = w21, which
we call the relative winding. The interaction U( 1, 2)
guarantees the topological protection of the winding num-
ber n12 by energetically suppressing “slip events” in which
 1 =  2. In contrast, the winding numbers n01 and n20

are topologically protected by the Mexican hat potential
V ( i) and can only relax via singular phase slips in which

FIG. 2. Depiction of braid element W01W12W20 2 P3, which
is also the generator of the center Z(P3) ⇠= Z.

the order parameter vanishes, i.e.,  1 =  0 and  2 =  0,
respectively. Later, we will make a specific choice for
U( 1, 2) and discuss the physical consequences.
Algebraic approach.—The starting point for an alge-

braic analysis is to inspect the fundamental homotopy
group of the order parameter space C3(C). Taking a closed
loop @A that encircles the vortices on patch A, the full
topological information of the texture of @A is encoded
by the edge homotopy

⇡1[C3(C)] = P3 = hW01, W12, W20i. (4)

This is the pure braid group generated by the group
elements W01, W12, and W20, which must satisfy the
group relations [16]

W01W12W20 = W20W01W12 = W12W20W01, (5)

ensuring the pure-braid analog of the Yang-Baxter rela-
tion for three strands. The generators Wij can be identi-
fied with a braiding operation that winds  i around  j

by 2⇡, while introducing no other windings, see Fig. 2.
For a group element of P3, the aforementioned wind-
ing number nij in the set (n01, n12, n02) simply counts
the “net” number of Wij ’s in the group element, mean-
ing nij = #Wij � #W�1

ij . Using group theoretic jar-
gon, these three independent winding numbers corre-
spond to the abelianization of the fundamental homotopy,
⇡ab

1 [C3(C)] = Z3.
While these abelianized winding numbers nij contain

partial information about the enclosed vortices, the non-
commutativity of the Wij generators suggests that a non-
abelian vortex cannot simply be decomposed into three
types of abelian vortices with charges nij . Rather, we pro-
pose to identify the abelian vortices of the order parameter
space M with the center of the fundamental homotopy
group, Z[⇡1(M)]. For the C3(C) order parameter space,
Z(P3) = hci ⇠= Z, where the generator c = W01W12W20

is a full twist of the braid which increments each of the
relative winding numbers by 2⇡.

The truly nonabelian information is encoded by the
group quotient P3/Z(P3) ⇠= F2, where F2 = ha, bi is the
free group with generators a and b, where we identify
a = W01 and b = W20 [17]. Since the classification of a
nonabelian vortex should be independent of any basepoint
on @A, they are characterized by cyclic permutations
of g1g2 . . . gn with gi 2 {a, b, a�1, b�1}. For example,

Low-energy theory realizes rich structure of pointlike defects:

• the order-parameter space is given by the ordered configuration space of three c-numbers: 
• the fundamental group is given by the (non-Abelian) pure braid group: 
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⇡1(C3) = P3
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P3/Z(P3) = F2 = ha, bi
free group

center 
(overall winding)

1st condensate 
winding

2nd condensate 
winding

“Borromean” vortex: each individual net winding         is zero (yet “second-order” winding is 1)
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Generalizations and broader themes

• Going beyond superfluid-like planar winding
- Dimensionality-dependent generalizations: vortices, baby (2D) skyrmions, hedgehogs, 

Shankar (3D) skyrmions, hopfions etc. 

• Classifications based on topology vs differential geometry
- Conservation laws based on topological invariance (absolute vs relative homotopies) vs 

generalized Stokes’ theorems 

• Curved geometries as a structural handle on symmetries 
- Do the conservation laws survive nontrivial shapes? Can we exploit it? 

• What about thermal and quantum fluctuations? 
- Local vs nonlocal topological flavors, quantum spin-lattice constructions and field theory 

• Non-Abelian topological flavors 
- Can we nucleate and transport topological charges that cannot be counted?


