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Inversion- or
TRS-breaking

H = ± σ⋅ k

Topological States of Matter

Review: B. Yan and C. Felser, Ann. Rev. Conden. Matter Phys. 8, 337 (2017). 



Weyl fermion and Berry curvature

H = ± p · σ

p

p

s
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Hermann Weyl
1929’

m = 0Paul Dirac 1928’
H = ± k · σ

• Berry curvature 𝛀𝑛,𝑥𝑦 𝒌 = 𝑖 ∇𝑘𝑛 × ∇𝑘𝑛 = 
෢𝒌

2𝑘2

• Anomalous velocity 𝒗𝒏=
𝑑𝜀𝑛

ℏ𝑑𝒌
−

𝑒

ℏ
𝑬 × 𝛀𝑛 𝑘  



Berry curvature

1st order perturbation in |𝑢𝑛⟩ due to E-field

𝑣𝑛
′ = 𝑢𝑛

′ ො𝑣 𝑢𝑛
′ = 𝑢𝑛 ො𝑣 𝑢𝑛 − 𝑖 𝑢𝑛 ො𝑣 𝛿𝑢𝑛 − 𝑐. 𝑐. =

1

ℏ
∇𝑘𝜀𝑛 −

𝑒

ℏ
𝑬 × 𝛀𝑛

|𝑢𝑛
′ ⟩ = |𝑢𝑛⟩ − 𝑖 ∑

𝑚≠𝑛

|𝑢𝑚⟩⟨𝑢𝑚|𝒆𝑬𝒓|𝑢𝑛⟩

𝜀𝑛 − 𝜀𝑚

𝑣𝑛 =
1

ℏ
∇𝑘𝜀𝑛(𝑘)

E-field

Note: 



Berry curvature in transport
𝒋 = න

𝐵𝑍

(−𝑒)𝑓 ⋅ 𝒗 𝑘 = න

𝐵𝑍

(−𝑒) 𝑓0 + 𝛿𝑓 𝑣0 + 𝛿𝑣

= න

𝐵𝑍

(−𝑒) 𝑓0 −
𝜕𝑓

𝜕𝑘
−𝑒𝑬𝜏 𝑣0 −

𝑒

ℏ
𝑬 × 𝛀

= න

𝐵𝑍

−𝑒𝑓0𝑣0 −
𝑒2

ℏ

𝜕𝑓

𝜕𝑘
𝑣𝜏𝐸 + 𝑓0

𝑒2

ℏ
𝑬 × 𝛀+. .

𝒋 =  0 +
𝑒2

ℏ
𝜏 න

𝐵𝑍

𝜕𝑓

𝜕𝜖
𝑣0

2  𝐸𝑥ෝ𝒙 −
𝑒2

ℏ
න

𝐵𝑍

𝑓0Ω𝑦𝑥 𝐸𝑥ෝ𝒚

Drude Anomalous Hall effect  

(AHE) (without 𝜏)

𝑬 = 𝐸𝑥ෝ𝒙 

𝑣0 −
𝑒

ℏ
𝑬 × 𝛀

E-field

B

Ix

Ix

M

Hall Effect

AHE



Weyl point and Berry curvature
Example: 𝐻 = ℏ𝑣𝑘 ⋅ 𝜎

H = + k · σ H = – k · σ

Ω1,𝑥𝑦 = 𝑖
⟨𝑢1 ℏ ො𝑣𝑥|𝑢2⟩⟨𝑢2 ℏ ො𝑣𝑦|𝑢1⟩ − (𝑥 𝑦)

(𝜀1−𝜀2)2 
=

1

2𝑘𝑧
2

(Note: ො𝑣i =
𝑑𝐻

ℏ𝑑𝑘i
= 𝑣𝜎i)

𝛀𝟏 𝒌 =
෢𝒌

2𝑘2

𝟏

𝟐𝝅
඾ 𝒅𝟐𝒌 𝛀𝟏 𝒌

Choose (0,0, 𝑘𝑧) for example, 𝐻 = ℏ𝑘𝑧𝜎𝑧

𝜀1,2 = ∓ℏ𝑣 𝑘𝑧; |𝑢1⟩ = [
0
1

] ; |𝑢2⟩ = [
1
0

]

Quantized flux
Monopole charge

=
1

2𝜋
4𝜋𝑘2

1

2𝑘2 = 1

Berry curvature (magnetic field in k-space)
Berry phase (flux)



AHE, Quantum AHE and Fermi arcs

𝜎𝑥𝑦
2𝐷 = −

𝑒2

ℎ
න 𝑓0 Ω 𝑘 𝑑𝑘 =

𝑒2

ℎ
𝐶

Quantum AHE
C=1

𝜎𝑥𝑦
3𝐷 =

𝑒2

ℎ

𝑘0

2𝜋

AHE in Weyl

Haldane 1988

Fermi arcs



Weyl semimetal materials
Nonmagnetic (Inversion-breaking)

TaAs,  TaP,  NbAs, NbP WTe2, MoTe2

S.-Y. Xu et al., Science 349, 613 (2015). 

B. Q. Lv et al., Phys. Rev. X 5, 031013 (2015). 

L.X. Yang et al. Nature Physics 11, 728 (2015).

B. A. Bernevig et al. Nature 527, 495 (2015). 

B. Yan et al. PRB 92, 161107 (2015). 

R. Batabyal et al. Science Adv. 2, e1600709 (2016)

Magnetic (Time-reversal breaking)

Mn3Ge(Sn)

Co3Sn2S2

Yang et al New J. Phys. 19 015008 (2017)

Nakatsuji et al. Nature 527, 212 (2015)

Nayak et al. Sci. Adv. 2, e1501870 (2016)

Liu et al. Nature Physics 14, 1125 (2018)

Morali et al. Science 365, 1286 (2019)

Liu et al., Science 365, 1282 (2019)



Anomalous Hall Effect

Mn3Sn(Ge), Co3Sn2S2
TaAs MoTe2/WTe2

AHE

𝜎𝑥𝑦
3𝐷 = −

𝑒2

ℎ
න 𝑓0 Ω 𝑘 𝑑𝑘 𝜎𝑥𝑦

3𝐷 = 0 because  Ω 𝑘 = −Ω −𝑘

No AHE

In the presence of TRS, will monopoles lead to 
some exotic transport phenomena? 



Berry curvature in transport
𝒋 = න

𝐵𝑍

(−𝑒)𝑓 ⋅ 𝒗 𝑘 = න

𝐵𝑍

(−𝑒) 𝑓0 + 𝛿𝑓 𝑣0 + 𝛿𝑣

= න

𝐵𝑍

(−𝑒) 𝑓0 −
𝜕𝑓

𝜕𝑘
−𝑒𝑬𝜏 𝑣0 −

𝑒

ℏ
𝑬 × 𝛀

= න

𝐵𝑍

−𝑒𝑓0𝑣0 −
𝑒2

ℏ

𝜕𝑓

𝜕𝑘
𝑣𝜏𝐸 + 𝑓0

𝑒2

ℏ
𝑬 × 𝛀 −

𝑒3

ℏ2

𝜕𝑓

𝜕𝑘
𝐸 𝑬 × 𝛀 𝜏 

𝒋 =  0 +
𝑒2

ℏ
𝜏 න

𝐵𝑍

𝜕𝑓

𝜕𝜖
𝑣0

2  𝐸𝑥ෝ𝒙 −
𝑒2

ℏ
න

𝐵𝑍

𝑓0Ω𝑦𝑥 𝐸𝑥ෝ𝒚 −
𝑒3

ℏ2
𝜏 න

𝐵𝑍

𝜕𝑓

𝜕𝑘𝑥
Ω𝑦𝑥 𝐸𝑥

2ෝ𝒚

Drude Anomalous Hall effect  

(AHE) (without 𝜏)
Nonlinear AHE

𝑬 = 𝐸𝑥ෝ𝒙 

𝑣0 −
𝑒

ℏ
𝑬 × 𝛀

E-field



WSM – Transport phenomena

For TRS, Ω𝑛 𝑘 = −Ω𝑛(−𝑘)

𝜎𝑥𝑦 = Σ𝑛 න Ω𝑛(𝑘)𝑓0(𝐸𝑘)𝑑𝑘 = 0

𝜎𝑥𝑦𝑦
′ = න Ω𝑛 𝑘 𝑓0 +

𝜕𝑓0

𝜕𝑘
𝑑𝑘 ≠ 0

= න Ω𝑛 𝑘
𝜕𝑓0

𝜕𝑘
𝑑𝑘 = න 𝑓0

𝜕Ω𝑛(𝑘)

𝜕𝑘
𝑑𝑘

Nonlinear Response
𝑗𝑥 = 𝜎′𝑥𝑦𝑦 𝐸𝑦

2

Non-equilibrium Fermi surface

Ey

𝑗𝑥 = 𝜎𝑥𝑦𝐸𝑦

Linear Response

Anomalous velocity 



𝜎𝑥𝑥
𝑦

= −
𝑒3

ℏ
𝜏 න

𝑑𝑓0

𝑑𝑘
𝜴𝑑𝑘 = −

𝑒3

ℏ
𝜏 න 𝑓0

𝜕𝜴

𝜕𝑘
𝑑𝑘

𝒋 = 𝜎𝑥𝑥𝐸𝑥ෝ𝒙 + 𝜎𝑦𝑥𝐸𝑥ෝ𝒚 + 𝜎𝑥𝑥
𝑦

𝐸𝑥
2ෝ𝒚

I. Sodemann and L. Fu, PRL 115, 216806 (2015) 

Nonlinear Anomalous Hall effect
B

Ix

Ix

M

Ix

M=0

Hall Effect

AHE

Nonlinear AHE

NLAHE survives with time-reversal symmetry

Ω k =  −Ω(−k) 
𝜕Ω(k)

𝜕𝑘
=  +

𝜕Ω(−k)

𝜕(−𝑘)
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A Weyl toy model

(a) Type-I (b) Type-I (titled) (c) Type-II 

(e)(d)

2

0

-2

(× 108)

dxy

2

dimensions. We define the BCD density in the k-space,

dbd ⌘ f 0
@⌦d
@kb
. For dbd is odd to the space inversion,

Dbd vanishes when inversion symmetry appears. While

they were obtained in the semiclassical theory, Eqs. 1

and 2 can also be derived by fully quantum theoret ical

treatment with the Floquet formalism [4].

Ab initio calculation methods – We perform ab ini tio

density-funct ional theory (DFT) calculat ionsfor thebulk

materials and project Bloch wavefunct ions to atomic-like

local Wannier funct ions. For a material, we obtain a

t ight-binding Hamiltonians Ĥ . It should be pointed out

that Ĥ inherits exact ly all symmetries of the system,

which is crucial for the accurate evaluat ion of BCD from

the Berry curvature⌦in a di↵erent ial way. The Berry
curvature of thenth band can becalculated based on Ĥ ,

⌦na (k) = 2i
X

m6= n

< n|@kb Ĥ |m >< m|@kc Ĥ |n >

(✏n − ✏m )2
, (3)

where ✏n and |n > are eigen values and eigen wave

funct ions of Ĥ at the momentum k, respectively. ⌦na
runs over occupied bands in Eq. 2 where⌦d =

P
n⌦

n
d .

(a) Type-I (b) Type-I (titled) (c) Type-II 

(d) (e) (f) 2

0

-2

(× 108)
dxy

FIG. 1. TheWeyl cones and the dipole moment dist ribut ion
of the Berry curvature. (a) A standard type-I Weyl
cone without t ilt ing. The Fermi energy is indicated by

the horizontal plane and the Fermi surface is a circle.
Corresponding dipolemoment of theBerry curvature isshown

in (d) near the Weyl point . (b) A type-I Weyl cone with a
slight t ilt ing and corresponding dipole moment in (e). (c) A

type-I I Weyl cone with a strong t ilt ing and corresponding
dipole moment in (f ). Near the Weyl point , the dipole

moment exhibits a symmetric kx ky -type distribut ion when
the Fermi energy crosses a type-I Weyl point and thus, it

is summed to be zero as integrat ing over the k-space. In
(d) and (e), the circle with a shadow region indicates the

unoccupied bands that do not cont ribute to the integral of the
dipole moment . The blue and red colors show negat ive and

posit ive values of the dipole moment . In (f ), the shadowed
regionsstand for theunoccupied holepocket and theoccupied

elect ron band, both of which are deducted from the integral
of the dipole moment.

A simple e↵ective model of Weyl points – Before

visit ing specific WSM materials, we investigate theBCD

for a simple Weyl Hamiltonian for a qualitat ive but

inspiring understanding,

HW eyl (q) = ~vtqtσ0 + ~vF q ·σ, (4)

whereq isthemomentumwith respect to theWeyl point,

σ is the Pauli matrix vector, vF is the Fermi velocity

of an isotropic Weyl cone without t ilt , vt represents the

t ilt ing velocity and qt is the t ilt ing momentum along the

t̂ direct ion. The tilt of the Weyl cone is characterized

by the rat ion |vt / vF |, where |vt / vF | < 1 stands for a

type-I Weyl coneand |vt / vF | > 1 for a type-I I one. Since

the Berry curvature is⌦(q) = q
2q3

for the lower cone,

we obtain analyt ically for example dxy without loss of

generality,

dxy =
@⌦y
@qx

=
3qxqy

2q5
. (5)

We note that ⌦and dxy are independent of t ilt and

reverse sign for the upper cone. However, the shape of

the Fermi surface depends sensit ively on the t ilt .

One can find that dxy exhibit s a xy-type symmetry

near the Weyl point, which resembles a “dxy -type”

atomic wave funct ion in real space. For a type-I WSM,

Dxy diminisheswhen EF crosses theWeyl point, because

the integral of dxy leads to zero due to the xy-type

symmetry. It is fully consistent with the fact that Dxy
vanishes as the Fermi surface shrinks to a point at the

Weyl point. When EF lieseither below or abovetheWeyl

point, the Fermi surface region is e↵ect ively subtracted
from thesum over the lower cone. If thetype-I Weyl cone

has no t ilt (see Fig. 1a), the Fermi surface is centered

to the Weyl point . Thus, dxy outside the Fermi surface

region is st ill highly symmetric and summed up to be

zero. If thetype-I Weyl conehasa t ilt along somegeneric

direct ion (seeFig. 1b), theFermi surfacecenter isshifted

away from theWeyl point . Consequent ly, dxy outside the

Fermi surface region becomes asymmetric to M x and

M y , leading to nonzero net Dxy . For a type-II Weyl

cone(seeFig. 1c), theFermi surfacenaturally breaks the

M x and M y symmetries of dxy , thus present ing nonzero

Dxy . Wecan simply summarize theseopt imal condit ions

for a largeDxy near a singleWeyl point . (i) For a type-I

Weyl point, a t ilt isnecessary, which iscommon for WSM

materials. Sincedxy ishighly concentrated near theWeyl

point, EF should stay closeenough to theWeyl point . (ii)

Thetype-II Weyl point may exhibit largeDxy , even when

EF crosses it . Although the large t ilt of Weyl pointswas

also predicted to generate photocurrents in Ref. [5], it

refers to the resonant transit ion between occupied and

empty bands of the Weyl cone, di↵erent from current

finding in the low-freqency intraband transit ion.

Further, we point out that a pair of Weyl points being

the M x / M y (TRS) partners contribute the same Dxy ,

for dxy is even to M x / M y (TRS). Therefore, mult iple

Weyl points related to TRS and mirror symmetries

mult iply their contribut ions to the BCD, instead of

compensat ing each other.

A single Weyl cone Berry curvature Berry curvature dipole
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dimensions. We define the BCD density in the k-space,

dbd ⌘ f 0
@⌦d
@kb
. For dbd is odd to the space inversion,

Dbd vanishes when inversion symmetry appears. While

they were obtained in the semiclassical theory, Eqs. 1

and 2 can also be derived by fully quantum theoretical

treatment with the Floquet formalism [4].

Ab initio calculation methods – We perform ab ini tio

density-funct ional theory (DFT) calculat ionsfor thebulk

materials and project Bloch wavefunct ions to atomic-like

local Wannier functions. For a material, we obtain a

t ight-binding Hamiltonians Ĥ . It should be pointed out

that Ĥ inherits exactly all symmetries of the system,

which is crucial for the accurate evaluat ion of BCD from

the Berry curvature⌦in a di↵erent ial way. The Berry
curvatureof thenth band can becalculated based on Ĥ ,

⌦na (k) = 2i
X

m6= n

< n|@kb Ĥ |m >< m|@kc Ĥ |n >

(✏n −✏m )2
, (3)

where ✏n and |n > are eigen values and eigen wave

funct ions of Ĥ at the momentum k, respect ively. ⌦na
runs over occupied bands in Eq. 2 where⌦d =

P
n⌦

n
d .
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FIG. 1. TheWeyl cones and the dipole moment dist ribut ion

of the Berry curvature. (a) A standard type-I Weyl
cone without t ilt ing. The Fermi energy is indicated by

the horizontal plane and the Fermi surface is a circle.
Corresponding dipolemoment of theBerry curvature isshown

in (d) near the Weyl point . (b) A type-I Weyl cone with a
slight t ilt ing and corresponding dipole moment in (e). (c) A
type-I I Weyl cone with a st rong t ilt ing and corresponding

dipole moment in (f ). Near the Weyl point , the dipole
moment exhibits a symmetric kx ky -type distribut ion when

the Fermi energy crosses a type-I Weyl point and thus, it
is summed to be zero as integrat ing over the k-space. In

(d) and (e), the circle with a shadow region indicates the
unoccupied bands that do not contribute to the integral of the

dipole moment. The blue and red colors show negat ive and
posit ive values of the dipole moment . In (f ), the shadowed

regionsstand for theunoccupied holepocket and theoccupied
elect ron band, both of which are deducted from the integral

of the dipole moment.

A simple e↵ective model of Weyl points – Before

visit ing specific WSM materials, we invest igate theBCD

for a simple Weyl Hamiltonian for a qualitat ive but

inspiring understanding,

HW eyl (q) = ~vtqtσ0 + ~vF q ·σ, (4)

whereq is themomentumwith respect to theWeyl point,

σ is the Pauli matrix vector, vF is the Fermi velocity

of an isotropic Weyl cone without t ilt , vt represents the

t ilt ing velocity and qt is the t ilt ing momentum along the

t̂ direct ion. The tilt of the Weyl cone is characterized

by the rat ion |vt / vF |, where |vt / vF | < 1 stands for a

type-I Weyl coneand |vt / vF | > 1 for a type-I I one. Since

the Berry curvature is⌦(q) = q
2q3

for the lower cone,

we obtain analyt ically for example dxy without loss of

generality,

dxy =
@⌦y
@qx

=
3qxqy

2q5
. (5)

We note that ⌦and dxy are independent of t ilt and

reverse sign for the upper cone. However, the shape of

the Fermi surface depends sensit ively on the t ilt .

One can find that dxy exhibit s a xy-type symmetry

near the Weyl point , which resembles a “dxy -type”

atomic wave function in real space. For a type-I WSM,

Dxy diminisheswhen EF crosses theWeyl point, because

the integral of dxy leads to zero due to the xy-type

symmetry. It is fully consistent with the fact that Dxy
vanishes as the Fermi surface shrinks to a point at the

Weyl point. When EF lieseither below or abovetheWeyl

point, the Fermi surface region is e↵ectively subtracted
from thesum over the lower cone. If thetype-I Weyl cone

has no t ilt (see Fig. 1a), the Fermi surface is centered

to the Weyl point . Thus, dxy outside the Fermi surface

region is st ill highly symmetric and summed up to be

zero. If thetype-I Weyl conehasa t ilt along somegeneric

direct ion (seeFig. 1b), theFermi surfacecenter isshifted

away from theWeyl point . Consequent ly, dxy outside the

Fermi surface region becomes asymmetric to M x and

M y , leading to nonzero net Dxy . For a type-II Weyl

cone(seeFig. 1c), theFermi surfacenaturally breaks the

M x and M y symmetries of dxy , thus presenting nonzero

Dxy . Wecan simply summarize theseopt imal condit ions

for a largeDxy near a singleWeyl point . (i) For a type-I

Weyl point, a t ilt isnecessary, which iscommon for WSM

materials. Sincedxy ishighly concentrated near theWeyl

point, EF should stay closeenough to theWeyl point . (ii)

Thetype-I I Weyl point may exhibit largeDxy , even when

EF crosses it . Although the large t ilt of Weyl pointswas

also predicted to generate photocurrents in Ref. [5], it

refers to the resonant transit ion between occupied and

empty bands of the Weyl cone, di↵erent from current

finding in the low-freqency intraband transit ion.

Further, we point out that a pair of Weyl points being

the M x / M y (TRS) partners contribute the same Dxy ,

for dxy is even to M x / M y (TRS). Therefore, mult iple

Weyl points related to TRS and mirror symmetries

mult iply their contribut ions to the BCD, instead of

compensat ing each other.

2

dimensions. We define the BCD density in the k-space,

dbd ⌘ f 0
@⌦d
@kb
. For dbd is odd to the space inversion,

Dbd vanishes when inversion symmetry appears. While

they were obtained in the semiclassical theory, Eqs. 1

and 2 can also be derived by fully quantum theoret ical

t reatment with the Floquet formalism [4].

Ab initio calculation methods – We perform ab ini t io

density-funct ional theory (DFT) calculat ions for thebulk

materials and project Bloch wavefunct ions to atomic-like

local Wannier funct ions. For a material, we obtain a

t ight -binding Hamiltonians Ĥ . It should be pointed out

that Ĥ inherits exact ly all symmetries of the system,

which is crucial for the accurate evaluat ion of BCD from

the Berry curvature⌦in a di↵erent ial way. The Berry
curvature of the nth band can be calculated based on Ĥ ,

⌦na (k) = 2i
X

m6= n

< n|@kb Ĥ |m > < m|@k c Ĥ |n >

(✏n − ✏m )2
, (3)

where ✏n and |n > are eigen values and eigen wave

funct ions of Ĥ at the momentum k, respect ively. ⌦na
runs over occupied bands in Eq. 2 where⌦d =

P
n⌦

n
d .

(a) Type-I (b) Type-I (titled) (c) Type-II 
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FIG. 1. The Weyl cones and the dipole moment dist ribut ion
of the Berry curvature. (a) A standard type-I Weyl

cone without t ilt ing. The Fermi energy is indicated by
the horizontal plane and the Fermi surface is a circle.

Corresponding dipolemoment of theBerry curvature isshown
in (d) near the Weyl point . (b) A type-I Weyl cone with a

slight t ilt ing and corresponding dipole moment in (e). (c) A
type-I I Weyl cone with a st rong t ilt ing and corresponding
dipole moment in (f ). Near the Weyl point , the dipole

moment exhibits a symmetric kx ky -type dist ribut ion when
the Fermi energy crosses a type-I Weyl point and thus, it

is summed to be zero as integrat ing over the k-space. In
(d) and (e), the circle with a shadow region indicates the

unoccupied bands that do not contribute to the integral of the
dipole moment . The blue and red colors show negat ive and

posit ive values of the dipole moment . In (f ), the shadowed
regions stand for theunoccupied holepocket and theoccupied

elect ron band, both of which are deducted from the integral
of the dipole moment .

A simple e↵ective model of Weyl points – Before

visit ing specific WSM materials, we invest igate theBCD

for a simple Weyl Hamiltonian for a qualitat ive but

inspiring understanding,

HW eyl (q) = ~vtqtσ0 + ~vF q ·σ, (4)

whereq is themomentum with respect to theWeyl point ,

σ is the Pauli matrix vector, vF is the Fermi velocity

of an isot ropic Weyl cone without t ilt , vt represents the

t ilt ing velocity and qt is the t ilt ing momentum along the

t̂ direct ion. The t ilt of the Weyl cone is characterized

by the rat ion |vt / vF |, where |vt / vF | < 1 stands for a

type-I Weyl coneand |vt / vF | > 1 for a type-I I one. Since

the Berry curvature is⌦(q) = q
2q3

for the lower cone,

we obtain analyt ically for example dxy without loss of

generality,

dxy =
@⌦y
@qx

=
3qxqy

2q5
. (5)

We note that ⌦and dxy are independent of t ilt and

reverse sign for the upper cone. However, the shape of

the Fermi surface depends sensit ively on the t ilt .

One can find that dxy exhibit s a xy-type symmetry

near the Weyl point , which resembles a “dxy -type”

atomic wave funct ion in real space. For a type-I WSM,

Dxy diminishes when EF crosses theWeyl point , because

the integral of dxy leads to zero due to the xy-type

symmetry. It is fully consistent with the fact that Dxy
vanishes as the Fermi surface shrinks to a point at the

Weyl point . When EF lieseither below or abovetheWeyl

point , the Fermi surface region is e↵ect ively subtracted
from thesum over the lower cone. If the type-I Weyl cone

has no t ilt (see Fig. 1a), the Fermi surface is centered

to the Weyl point . Thus, dxy outside the Fermi surface

region is st ill highly symmetric and summed up to be

zero. If the type-I Weyl conehasa t ilt along somegeneric

direct ion (seeFig. 1b), theFermi surfacecenter is shifted

away from theWeyl point . Consequent ly, dxy outside the

Fermi surface region becomes asymmetric to M x and

M y , leading to nonzero net Dxy . For a type-I I Weyl

cone (seeFig. 1c), theFermi surfacenaturally breaks the

M x and M y symmetries of dxy , thus present ing nonzero

Dxy . We can simply summarize theseopt imal condit ions

for a largeDxy near a singleWeyl point . (i) For a type-I

Weyl point , a t ilt isnecessary, which is common for WSM

materials. Sincedxy is highly concentrated near theWeyl

point , EF should stay closeenough to theWeyl point . (ii)

The type-I I Weyl point may exhibit largeDxy , even when

EF crosses it . Although the large t ilt of Weyl points was

also predicted to generate photocurrents in Ref. [5], it

refers to the resonant t ransit ion between occupied and

empty bands of the Weyl cone, di↵erent from current

finding in the low-freqency int raband transit ion.

Further, we point out that a pair of Weyl points being

the M x / M y (TRS) partners contribute the same Dxy ,

for dxy is even to M x / M y (TRS). Therefore, mult iple

Weyl points related to TRS and mirror symmetries

mult iply their contribut ions to the BCD, instead of

compensat ing each other.

Note that dxy= ∂Ωy/∂kx is even to Mx, My or TRS.

So a pair of Weyl points contribute the same Dxy.



Berry curvature dipole for TaAs
• Point group C4v: Mx, My, C4

E.g. Mx:  kx → -kx , Ωx → Ωx so dxx → – dxx then Dxx = 0

Finally we have only one independent element Dxy = – Dyx
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Berry curvature dipole for MoTe2 and WTe2
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Nonlinear Anomalous Hall effect

Ab initio 𝒖𝒏 𝐤  →  𝛀 𝒌 = 𝑖 ∇𝑘𝑛 × ∇𝑘𝑛

Next step         →
𝝏𝜴(𝒌)

𝝏𝒌

2D Weyl layers WTe2 and MoTe2, gate tuning EF

Y. Zhang, B. Yan et al. 2D Mater. 5 044001 (2018).

𝜎(2) ∼ 0.1 − 1% 𝜎 1

𝑉2𝜔

𝑉𝜔

𝐼𝜔

3D Weyl

Y. Zhang, B. Yan et al. PRB 97, 041101(R) (2017).



Very recent realization in WTe2 and MoTe2

Mak and Shan, et al,  Nature Materials 18, 324–328 (2019)

Q. Ma, P. Jarillo-Herrero,  et al,  Nature 565, 337–342 (2019)

𝑉⊥
2𝜔 𝑖𝑠 0.1% 𝑜𝑓 𝑉||

2D

Tsen et al. Nature Comm. 12, 2049 (2021) 3D MoTe2

3D

Z. Mao, B. Yan et al., Nature Comm. (2022) Room temperature, BaMnSb2

Wireless radiofrequency (RF) rectification 

with zero external bias, TaIrTe4

H. Yang et al. Nautre Nano 2021



Shining light           E = E0cos(𝛚t), 

Polarization            P =  𝜒(1)E  + 𝜒(2)E 2 + ...

DC photocurrent JDC = dP/dt =  σ(1)E + σ(2)E 2 + ….  

Nonlinear optics

Studied in polar insulators such as BaTiO3
Theory: shift current, injection current .. 

Lighting up the Weyl semimetal?

(2016)Second Harmonic Generation Photocurrent

L. Wu, J. Orenstein et al. Nature Phys 2017 G. Osterhoudt, K. Burch et al. Nature Mater 2017
Q. Ma, N. Gedik et al. Nature Phys 2017

Bulk Photovoltaic Effect (BPVE)



Topological nature of optical responses with TRS

Weyl cone in circularly-polarized light

Injection current

ℏ𝜔

e

h

e

h

ℏ/2 
−ℏ/2 

−ℏ/2 ℏ/2 

J. Sipe PRB 2000

Shift current

ℏ𝜔

e

h

e

h

R. von Baltz and W. Kraut 1981

𝑨𝟏

𝑨𝟐

𝐽 ∝ (𝐴1−𝐴2 − 𝜕𝑘𝜙12)𝐸2 𝑑𝐽𝑐

𝑑𝑡
∝ 𝛀𝒏𝒎

𝒂𝒃 𝑣𝑛
𝑐 − 𝑣𝑚

𝑐 𝑓𝑛𝑚𝐸2



Design a new injection current

Γ +k–k

E
n
er

g
y

P , T

Γ +k–k

P , T

Γ +k–k

P , T

Γ +k–k

P , T , PT

Linearly-polarized / nonpolarized  light?

Band structure asymmetryExcitation asymmetry

Weyl cone in circularly-polarized light

ℏ𝜔
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e

h

ℏ/2 
−ℏ/2 

−ℏ/2 ℏ/2 



Magnetic Injection Current (ℏ𝜔 > 𝐸𝑔)

Magnetic quantum materials: 
CrI3 bilayer, Cr2O3, MnPSe3, CuMnAs, Mn2Au,
doped-magnetic TIs, thin film MnBi2Te4

P , T , PT

Asymmetric Fermi surface

Zhang et al. Nature Comm. 10, 3783 (2019)
T. Holder, D. Kaplan, B. Yan PRR 2020

𝜎𝑎𝑎;𝑐 ∝ 𝒈𝒏𝒎
𝒂𝒂 𝑣𝑛

𝑐 − 𝑣𝑚
𝑐 𝜏

𝒈𝒏𝒎
𝒂𝒂 = 𝒓𝒏𝒎

𝒂 𝟐



Recent discovery of magnetic photocurrent

CrSBr AFM
Dong et al, Nature Mater. (2026)

MnPSe3 AFM
Tian et al. arXiv:2605.22518



Summary 

Transport Optics 

Berry curvature Anomalous Hall effect 
(𝜏-independent)

CPGE, injection current 
(𝜏-linear)

Berry curvature dipole Nonlinear AHE (𝜏-linear)

Berry connection LPGE, shift current
(𝜏-independent)

Quantum metric ?? Magnetic injection current
(𝜏-linear)
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