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Overview of Terminology

↓
1651 Shuberter Space Grongs (SS65) fib

230 "ordinary" 23& nonmagnatie ligsygeand
sqace groups HygeI spacegroups (grey I

↑ groups (type -
rotation, reflection, ↑

and translation tyge-I graught times ISymmetries of reversal symmetry
a crystal



↳
"Magnetic Spau Greugs"
-

type-I grongs.Let Go be a tyget SS6
9.26 has the form g= [RId

↑ -> translation
retation or

91 =Ry +d
reflection

giva 9,ERild,, 92ERilde



· of 9,069,26 the 9,9246

9,9ERild,ERaI)-E,z/Ride dis
· Eru space grong contains (1)

↑ i
identity translation
rotation b0

· g =[Rd)- 6, then we can define

g=ER")-Rd) = 6 and

99
=45/0)



Remember-electrons have spin-
In quantum mechanics, we learned thatif

we rotate a spin I4& by & about

an axis i

:⑤
.

8 =30x,0,,0z)
IX+e 17 are Pauli matrices
-8

&=2ye => cos isine.



=

-

introduce [E(0)=6
↑

Zi=rotation

Example:the double grong 222

↳Gee, G,Czz,E,E
C:GGE:G:Cz

Gay Cry =C2z =CzyC2x



y - S

-* sidy ide

-

Every type-I SSG contains a Bravers lattice
of translation 4 =(e), set,sets
TC6

11 Bravars latters (30)
· If we "forget"aboutthe translation partof

every element
9

=318) -g=R



9. ER, ldi 2= ERldz

9,92:ERelRider,
↓group homomorphism

9.th, 9nt R2

9,9Riz

the grong ofall is thepangong 6
of G

8=G/yg -g 32 point groups



The relation between 6 and 6 lets us druide

space graves into 2 classes

↳. Symmorghie Space groups
6 =E) Ie c6

173

2. Nonsymmorphic space groups -all the rest
(157
ERING for a a fraction ofa
Lattice translaten



TypeSSGs are magnetic space grengs

...... ↳ma,,o
1-x

-

a 8are at
·variantunder type -I S6 hat,0,
~P- paintgroug-no nontrivial

primitin eperations
Bravars
lat tree



Type II space grongs:given any type space
group G

6=GUT6-time-reversal symmetry, commutes with
all spatial symmetries
↑SRII =[RI

I =Gy romagnetic

To construct the rest, lets start with a typeI grong
6 "grgupgenerated by



letHCG ex:6 =[selt,sElt),SEI),Get
H =([Elt),[Elt,f12E),Cr

we can definets gH=Egh/hel

Every gies is in exactly one cesst gH
this means thatwe can write

6 =HUg,HUg,H... - the number of
cosets 26: H) is called

991,92-1 are called cost the layer of Hin 6
representatives



ex:6= [selt,sElt),SEI),Gz - 4
H =([Elt),[Elt,f12E),Cr

6 =HUSElt) H [6: A =2

Given a tyget grong G and an index-2

subgrang I 6 =HUg,H
we can constructa magnetic space grong M as

follows
M =HUg,iH



Type-9, ERION REE

Type- 9,:51d

Tiger I example
6i =[Exit,it,Gr
GiEit,,a,G,T



Gisa grony, HCGusa subgrang
want to show:every get is in exactlyone
cost of H

· Seldetgsflow:g'e git
lets assume geg,H, g'eg, A

geg,I =gg,h hel

geg.H g=gchz hitl

=>9,h =9ch2



=>9,hhi: 9/saha)hi
>g9, -hehileH
=>g,9, H

=H

=>g,H=9H

->every g'is in exactly one cost

↑2 =E



InSpace groups
TypeI:g

=3515s
RecallM =HUgT H

Tyge-g =3R/d/

Anote on terminology
Tyge 5S6s [letter denoting Bravarslattre)[gerntgrau
Ex:Type-Igreug #99mm

I wer
grnitine gauntgraug (Ca,Mi



For SSGs we will user prime to indicates
an operation reverses time

Type.I SSGS:we add to the end of the symbol
&Arm

TypeSSCs:we add 1 to the operates that
reverse time

PYm'n
X We

primitive jet,mit,mo



⑧ ⑧ ↑ ⑧

-
·

..
⑧ ↑

TygeI:Two laming conventions
BNS BeleuNerenova, SmirnovaM =HUCFId5 A

We use the S6 symbol for it, and
indicate sold with a subscript



Ex: Pct:[ax, as,, cat,s

(Alternation OG:use the S6 symbol of! I 6 =HUSE18 H ↑
Ib Te
:

·flections in magnetic solids



#I4 =(-+yry-V(x,9,)/I:El4
with it invariantunder the symmetries of some
S56M

-every contains a bravers lattice

MyT =[5,,k,
-git/n

Block'sTheoremletuse generate translations by
toSUS,H=0 iwe can simultaneously dragonale



UI and H

Vel4=tr
H14:ErlTn

K=kib,kib kts
b.=2Gij
ke,

What aboutg=[RId/cM
Ug implements this symmetry on Hilbertspace



[Ug, H =0 =Uglk) is an ergenstate
↑It is an ergenstate

Us[UglYn:UseUsmirI

II SEIESRI =SRI8+
-Se/

UgUser:gek-ekt (UglY



kit =(k)R7 =Rkt

Uglk) is a Block state with crystal momentum RE

Ugl4I4UglY

-Yang
Sewing matrixfor g

what aboutg=ERIdI



Wigner's thistime-reversing operations are represented
by airitytary operators Ass

Asis entrunitary ifAs(414)
=*Aggl4*gy

· [As5YlAg54:4/4/:*
Ass) is unitary (forTess



W: [Ass l4nX=Ags Umel4n
-Agsekittin

its=e

Asshas crystal momentum - E

AsIn:As



something special happens for RK=Kmodule a
Marprocal lattice vector

givenk, M we define Mr= [9eMigkskmed
reciprocalattic

Mars the Ilygrong of K verbert

TCM for every k Mrs a SSG.
two cases:Missa tyge.I grong

MrGrUgJG for Gua tyge-I grang



g=(R1d6Gk grsa
I

Habk: (YanlAIYk= (YanlUg"HUg/Yo
-StanIUg14YHYSs
-[Btg) H(k)(g)

ab

=[H(k),*5))-& for go Gk
Schur'sLemma:States can be labelled byirreducible representations



↑

of Gk

EX:tyge-I group?4=(ax,a,c,Gr
recp. lattic rectusb,* b*, by*

M=(,,0

kz=0 Gramerout,a
6, 446y-P2

Gr=P4 6y =P2



For type I grongs
⑧
tratform in an irreg of sa

- GrI
transfersian repo

- E
·

ko

Whatabouttype II-IV groups:
- type groups M: GUJG:atTime-Reversal
InverantMomenta ITRIM/ K =-modern
rcry lattice vector

-Marsa type-556
otherwise Ma is a type II SSC

- Similar in type:Me is either a typegreng



or a type I grang
- i+yge: Mus either a type grand or
a tyge I grong, or a tygegrong

Lets consider a time-reversing operation EM,in
the little group of some apoint

AssMak/osYarAsis/ar
las
u
still a unitary matrix



We need to account for the fact that

Ass(Yan=*Ass/Yau
Weintroduce L:respresents complexconjugation

Ask
Aset of representation matrices we both unitary Datuntary
egerators is called a co-representation foreg-

Example:Tye-04 =2U ce52
~Lax, as, ca,Cantici



ky=0 Yet ·M=(20

·fagulregar
6=P4-geGrGy1tget

Gm =P4 -+,ge

Exangter! Pat= D1U=
Lai, by,c,s,Ei

releI =EE/=Eeleflo



- ik32 -Id when ky=&Id-identity 34/5/))Ide Y
+ Id

Matrix

T=(0,0,0):Gy
=Pc: antianitary squares to Kravers degeneracy

7 =(0,0,2):6z =Pxt:antranitary squares tatt
No Kramersdgers

~

-*
-

I
-

- kz



Magnetic Band representations
* unoccupied

-
- 88888.- ->

Solving# 3 occupied
can we ran this in reverse?

Siw -> IWirethn
Wannier functions (WRX -- exponentially localed

- symmetrig
An insulator can be adabatically connected to an atomic limit ifwe



can symmetrically more all the atoms apart who cloby an energy gang
↑magnetic togological insulators and be adabatically connected
to an atomic limitwho closing a gay -> no localized Warnerfunctrung

Our goals:1. Characteree all atomic lmit bands
(those with exp. Localred Wanner factions
- topologically trivial bands

2.Identify invariants thattell us when a setof
bands is topologically nontrivial

1. Pick a 5566



Bravers
are6:Ege6/g
We 69 is semarglue to a magnetic garnt

group,
called the sirtryground

of 9.

in order to respect symptives, orbitals of
I transform in corpsof Gq

lets say our valence orbitals [IWe transform in
an reducible compresentation (corres & of Ga

Translation symmetry:We have copies (WieUsWord



This gives me a structure invariant
under

GqU,GqUEG,-.-. T6q66
ne

· Whatabout other elements of G? symmorgre
666

Aflat band references6 =T6qU9,T6qU ...U9I6 L9 - Calugaruetal, Nat Phys
cost decomposition of 6 with a cost 18, 10S - 189(2022

representatives,108,9,192,29-1
If we has orbitals at , it also needs to have
orbitals at9:9



EW form a corepresentation of G

For
any goo

g
=((d)

Ug/Writ=UgUeUgWor
-UE UgUg: Inoo
·Uni Ugg; Ino

99.:tijgjhijhijeGq



tj =9(9:9) -959

UglWieIWij,Rt+tijuhij
Fourier transform (Aniket*Wit
UglannlamjetBu,n:(9
>Bris):ebat'sanhig



↑ Points and theirsite-symity grys
"Band representation" are classifiedwerepositions
·MBANDRE tool

· MWCKPOS en Bilbao server

Snelba Crystallograque

Example:Pam. tege IV:[te,teitz, My,ts
Ga, [My. =e

for

tileatGamee



Gas"(try =m

Gapfe
Any band structure that can be built from an atomic
limit (i.e. w/ exponentially localized, symmetric Wanner
functions) can be builtfrom a sum of EBRS

--

lettegra-7E I Jocagred
v

eps match-
a sum ofEBRS



of furural

If the little group coreys of the ecougred
bands do not match a sum ofEBRs, then the
-

occugred bands must be topologically nontrivial

To identitify these lets regrate⑱everything as a hear algebra
problem
lets collect all the little grang
reps at high symmetry k
genes into I- asymmetry data·Vector

12 N
reg Gl,



EBR table: E:Nirrp*Ne GK,0D
I

B:INEnon-negatertigers I =(1,0,1,0)
&

I =E. gives the symmetry
data rector for an atomi (

↑ limitband structure Are there allowed Vthat
non-negate reteger

cannot take this form?

integers valued
I

Smith Decomposition: E =L*A
↳I are integer valued AND their inverses are integer

valued



1 =

Iwas... dragonal a:.&

i =LNR L =-

L =1/RB) RB =B

v
=AB

(i):(aaras.It wantto-an integer linear combination of



this defines arndrentergreng

asXar*._*an of topologically neutral
bands

Eri TypeI 2n2,*2,y
u un

Chern in planes strang unverrant
ofthe BE

The columes of his give us the sets of reps corresponding
to our nontrivial bands I
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Steminental logisherstrator Weareal
/Magnetic alon
insulator

Wieder et al Nat. Commun. 12, 5965 (2021
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